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Abstract

This paper considers estimation and inference in panel vector autoregressions (PVARs) with
fixed effects when the time dimension of the panel is finite, and the cross-sectional dimension
is large. A Maximum Likelihood (ML) estimator based on a transformed likelihood function
is proposed and shown to be consistent and asymptotically normally distributed irrespective of
the wnit root and cointegrating properties of the underlying PVAR model. The transformed
likelihood framework is also used to derive unit root and cointegration tests in panels with short
time dimension; these tests have the attractive feature that they are based on standard chi-
square and normal distributed statistics. Examining Generalized Method of Moments (GMM)
estimation as an alternative to our proposed ML estimator, it is shown that conventional GMM
estimators based on standard orthogonality conditions break down if the underlying time series
contain unit roots. Also, the implementation of extended GMM estimators making use of
variants of homoskedasticity and stationarity restrictions as suggested in the literature in a
univariate context is subject to difficulties. Monte Carlo evidence is adduced suggesting that
the ML estimator and parameter hypothesis and cointegration tests based on it perform well in

small sample; this is in marked contrast to the small sample performance of the GMM estimators.



1 Introduction

Vector autoregressive models (VARs), whether postulated as reduced form econometric models or
built to examine long-run restrictions suggested by economic theory while allowing for unrestricted
short-run dynamics have become a widely used modelling tool in economics (for example, Hsiao,
1979, 1982, Sims, 1980, King, Plosser, Stock and Watson, 1991, Pesaran and Shin, 1999). It is well
known, though, that time-series inference on VARs critically depends on whether the underlying
processes are (trend) stationary or integrated, or cointegrated, and, if they are cointegrated, the
rank of cointegration (for example, Sims, Stock, and Watson, 1990, Phillips, 1991, Johansen, 1995,
and Pesaran, Shin, and Smith, 2000).

It is also widely recognized that panel data have the attractive feature that often a large number
of cross-sectional observations are available over time. The application of VARs to panel data is
often hampered by two issues, however: (i) The time dimension of the panel may be short. (ii)
Cross-sectional heterogeneity is present. The first issue gives raise to the problem of modeling
the initial observations (for example, Anderson and Hsiao, 1981, 1982, Bhargava and Sargan,
1983, Biundell and Smith, 1991, and Nerlove, 1999). The second issue gives raise to the classical
incidental parameters problem, Neyman and Scott (1948), if the cross-sectional heterogeneity is
modelled through fixed effects. Both issues can lead to the breakdown of the classical Maximum
Likelihood (ML) estimator.

Because of the difficulties with implementing likelihood based inference, Generalized Method
of Moments (GMM) estimators have been popular for the estimation of (predominantly univari-
ate) dynamic panel data models (for example, Holtz-Eakin, Newey, and Rosen, 1988, Arellano and
Bond, 1991, Ahn and Schmidt, 1995, and Arellano and Bover, 1995). However, conventional GMM
estimators based on standard orthogonality conditions have proved to have rather poor finite sam-
ple properties in the case of autoregressive panel data models with near unit roots (for example,
Blundell and Bond, 1998).! In this paper we show that for Panel VARs (PVARSs), conventional
GMM estimators in fact break down altogether if the underlying time series contain unit roots.
We then investigate the possibility of obtaining GMM estimators that could be applied to PVAR
models when the unit root properties of the model are not known a priori. To this end we augment
the standard orthogonality conditions with homoskedasticity and stationarity implied moment con-
ditions proposed initially by Ahn and Schmidt (1995) and Arellano and Bover (1995) in the context
of univariate dynamic panel data models. Unfortunately, the implementation of extended GMM

estimators incorporating variants of these additional moment conditions is subject to difficulties.

!Monte Carlo experiments reported in Blundell and Bond (1998), Esiao, Pesaran, and Tahmisciogiu (1999), and
in Section 10 below suggest that the finite sample properties of conventional GMM estimators of autoregressive panel
data models are poor even in the case of models with moderately large sized roots. Conventional GMM estimation

of autoregressive panel data models thus tends to be problematic for a wide range of applications.



Given the problems with GMM estimation, in this paper we propose a likelihood based estima-
tion and inference approach. We derive a transformed unconditional likelihood function for PVARs
with fixed effects that does not involve incidental parameters and provides a model-consistent way
of formulating the distribution of the initial observations. We show that the ML estimator associ-
ated with our transformed likelihood function always exists and is (as the cross-sectional dimension
of the panel, N, tends to infinity) consistent and asymptotically normally distributed, irrespective
of whether the underlying time series are (trend) stationary, integrated of order one, I(1), or I(1)
and cointegrated. We also suggest a consistent Minimum Distance (MD) estimator derived from
the transformed likelihood framework to be used as the initial estimator for the ML iterations.
Furthermore, we consider hypothesis testing based on the transformed likelihood function. In par-
ticular, Wald- and likelihood ratio-based panel testing procedures for the presence of unit roots
and for the cointegration rank are derived. ‘An attractive feature of these tests is that they are
based on standard chi-square and normal distributed statistics. We also show how our likelihood
based estimation and inference approach can be extended to PVARs where under the long-run
forcing restriction a subset of the variables is modelled in terms of the remaining variables. Finally,
some Monte Carlo evidence regarding the small sample biases and root mean square errors of the
conventional GMM, the MD, and the ML estimators is adduced. The Monte Carlo simulations are
also employed to investigate the size and power properties of parameter hypothesis tests based on
the conventional GMM and the ML estimators, and to investigate the size and power properties of
cointegration rank tests based on the ML estimator. The Monte Carlo evidence suggests that the
ML estimator in small sample performs remarkably well, clearly outperforming the conventional
GMM estimators, and that the various ML estimator based hypothesis tests tend to have good
size and power properties. The Monte Carlo simulations also further document difficulties with the
implementation of extended GMM estimation.

The remainder of this paper is organized as follows: Section 2 introduces the PVAR under
fixed effects. Section 3 discusses how the incidental parameters problem arising in the estima-
tion of this model may be resolved by working with transformed model equations, and provides
a general expression for the unconditional joint probability distribution of the first differences of
the observations. Section 4 considers GMM estimation based on the transformed model equations,
showing that conventional GMM estimators break down in the presence of unit roots, and demon-
strating that the use of homoskedasticity and stationarity implied moment conditions to construct
an extended GMM estimator is subject to problems of its own. Section 5 presents the proposed
ML estimator, showing that it is consistent and asymptotically normally distributed irrespective
of whether the underlying time series are (trend) stationary, pure I(1), or I(1) and cointegrated.
Section 6 derives a MD estimator that we use as the initial estimator for the ML iterations. Section

7 discusses the estimation of long-run relations within the PVAR framework, and examines model



identification when the variance-covariance matrix entering the transformed likelihood function is
treated as unrestricted. Hypothesis testing on the basis of the transformed likelihood function is
discussed in Section 8, which in particular proposes new tests for unit roots and cointegration rank
in panels with short time dimension. Section 9 considers the issue of how to carry out inference
in conditional models where a subset of the variables in the PVAR is modelled in terms of the
remaining variables. In Section 10, Monte Carlo simulation results are reported assessing the finite
sample performance of the GMM, MD, and ML estimators. Section 11 concludes and provides
some suggestions for future research. The extension of formulae derived in the body of the paper
for first-order PVARs to p-th order PVARSs is described in an appendix.

2 A PVAR Under Fixed Effects

Let w;: be an m x 1 vector of random variables for the i-th cross-sectional unit at time t. We
assume that the w;,’s are generated by the following P VAR model of order p, PVAR(p):

Q(L)(Wit_uz_“/t):eih i=172s'~~ vNa (21)
where
P .
(L) =In—-) &L, (22)
Jj=1
®;,j =1,2,...,p, denote  x m matrices of slope coefficients, g; is an m x 1 vector of fixed effects,?

7 is an m x 1 vector providing the common deterministic trends/drifts across cross-sectional units,
€;¢ s an ™ x 1 vector of disturbances, I, denotes the identity matrix of dimension m x m, and L

the lag operator, Lw;; = w; ;. We make the following assumptions:
(Al) The disturbance vectors € are independently and identically distributed across i and over t
with E (€it) = Omx1 and Var (eix) = Q, 2 being a positive definite matriz.

(Al) is a common assumption in the dynamic panel data literature as reviewed by Arellano and
Honor¢ (2000). The coefficients making up the vectors p;,¢ = 1,2,... , N, and -y, and the matrices

®;,7=1,2,...,p, and 2 are sssumed to be unknown.

(A2) The time dimension of the panel is finite with T > p, and the available observations are w;,

Wily -y WHT.

2As a variety of fixed effects specifications have been considered in the literature, it may be worthwhile to spell
out what we mean by fixed effects in this paper. We view the individual-specific effects, u,, as fixed effects if they
are generated by a probability distribution function where the number of parameters characterizing this function is
allowed to increase at the same rate as the number of cross-sectional observations in the panel. As will be seen below,
for our proposed ML estimator to be valid, no further assumptions on the g,'s are needed.

3The common deterministic trend/drift v¢ in (2.1) could be replaced by more general time-specific effects 7,
without adding any conceptual problems for estimation and inference.



(A3) The roots of the determinantal equation

[2(0)| =0 (2.3)
are either equal to unity or fall outside the unit circle.

As our interest in this paper concerns (trend-) stationary, pure unit root, and cointegrated
PVAR models, the PVAR(p) model (2.1) ensures that if 4 = O,,x1, then the model intercepts are
restricted as otherwise {w;;} would exhibit no trend growth across z if all roots of the determinantal
equation (2.3) fell outside the unit circle, and {w;.} (or some of its linear combinations) would
exhibit differential trend growth across i if one or more roots of the determinantal equation (2.3)
were equal to unity. Similarly, the PVAR(p) model (2.1) ensures that if ¥ # Omx1, then the trend
coefficients are restricted as otherwise {w;} (or some of its linear combinations) would exhibit
quadratic trends if one or more roots of the determinantal equation (2.3) were equal to unity.*

A number of well known time-series specifications can be obtained from the PVAR(p) model
(2.1) as special cases. We set out some of these for the reader’s convenience.

Case 1: Stationary PVAR with fized effects

Let 4 = Oyx1, and let all roots of the determinantal equation (2.3) fall outside the unit circle.
Then (2.1) becomes

® (L) wit = bip + €41, 1=1,2,...,N, (2.4)

where byg = —IIs;, with

O=-I.-) %;|. (2.5)
i=l

Case 2: Tvend-stationary PVAR with fized effects
Let all roots of the determinantal equation (2.3) fall outside the unit circle and 4 # Omx1. Then
(2.1) becomes

& (L) wip = ayp + art + €5, i=12,...,N, (2.6)

where aig = =Ily; + (T + II) v, with

P
r=-0+Y" 5%, (27)
=1

4See Pesaran, Shin, and Smith (2000) for a further discussion of this issue in a time-series context. It may also be
worth noting that while we do not pursue the possibility of incidental detecministic trends/drifts, <;, in this paper,
these could be accommodated by working with the unconditional joint probability distribution function of the second
differences of the observations. This will become clear in Section 3 below.
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and where a; = —ITy.

Case 3: PVAR with unit roots (but non-cointegrated) and fized effects
In this case )7 _; ®; = Im. Then (2.1) becomes

& (L) & wi = —II"Y + €ar, i=12,...,N, (2.8)

where A =1 - L,
p-1 )
O (L) =TIm— Y ;L7 (2.9)
Jj=1

with & =~ (In = £, &), 5 = 1,2,... ,p - 1, and where II'= — (I — 13} 95).
Case §: Cointegrated PVAR with fized effects

In the case where some (but not all) roots of the determinantal equation (2.3) are equal to unity,

rank (II) =7, 0 < 7 < m, and (2.1) may be rewritten in the form of a panel vector error correction

model as
p—1
AW“ = F’Y* (p - 1) H"I+ IIE,-_‘_p + erawi.t-j + €it, i= 112) oo 7Nv
=1 (2.10)
where
J
r,-=—1,,.+Z<I>1, i=12,...,p—1 (2.11)

=1

For ease of exposition, in what follows we shall motivate our remaining assumptions to be made
for estimation and inference on the PVAR(p) model (2.1) first for the case where p = 1, and then
generalize our discussion to the case where p > 1. Under p = 1, the PVAR model (2.1) reduces to

(LIm — ®L) (Wit — p; — t) = €4, i=1,2,...,N. (2.12)

When the time dimension of the panel, T, is finite, in estimating (2.12) there arises a classical
incidental parameters problem as the number of fixed effects vectors, u;, to be estimated increases
proportionately to the cross-sectional dimension of the panel, and there arises the problem of the
initialization of {Wi¢}. Our formulation of the initial observation in the sample, w,o, makes use of
the fact that the PVAR(1) model in &;,, defined by

it = Wit — i — Yt (213)
does not involve the fixed effects, g, although it is still subject to the initial value problem:

(I — ®L) £, = €4, i=1,2,..,N. (2.14)

—11 =



Suppose that the PVAR(1) model (2.12) started at time t = —M, M > 0. Then from (2.14) we
obtain

t+M—1
L =ME i+ Y Dleis, t=-M+1,-M+2,...T. (2.15)
3=0

In practice where the time-series properties of {£;;} are not known a priori, to characterize the
distribution of {Eu}L,M +1 Wwe need to distinguish between three main cases; namely {£;,} being
covariance stationary, pure I(1), or I(1) and cointegrated.

Suppose that the initial deviations, £; _py, are independently and identically distributed across
7 with mean vector zero and a finite variance-covariance matrix. In the case where all roots of the
determinantal equation (2.3) fall outside the unit circle, it is then clear from (2.15) and (Al) that
the variance-covariance matrix of §;; will also be finite over the sample period, ¢t = 0,1,...,T,
irrespective of whether
(Z) {&it} has been in operation for a long period of time, namely M -+ oo, and the process
has reached covariance stationarity, so that E (£;:) = Omx1 and Var (i) = 2;-’;0 PINPY t =
0,1,...,T,
or
(32) {€;} has started in a finite period in the past not too far back from t = 0.
We shall pursue possibility (z) in this paper;® and note that under (i) (2.15) becomes

(==}
fu=) ey, o t<T (2.16)

J=0
In the case where all roots of the determinantal equation (2.3) are equal to unity, to ensure that
the variance-covariance matrix of £;, is finite over the sample period, t = 0,1,... ,T, {£;;} must

have started in a finite period in the past. It follows that (2.15) in the pure unit root case becomes

t+M—1
Ce=E-m+ Y Eijh t=-M+1,-M+2,...,T. (2.17)
Jj=0

It remains to consider the intermediate case where some (but not all) roots of the determinantal

equation (2.3) are equal to unity, and the remaining ones fall outside the unit circle. For this case,

it is helpful to work with the error correction representation of the PVAR(1) model (2.12) given by
Awy =+ 1€,y +€it, t=-M+1,-M+2,...,T, (2.18)
where

O=—(In—®). (2.19)

3See Hsiao, Pesaran, and Tahmiscioglu (1999) for an analysis (in a univariate context) of possibility (ii).

12—



As is well known from the cointegration literature, if rank (II) = 7, 7 = 1,2,... ,m — 1, then there

exist m x r matrices a and 3 such that
II=af, (2.20)

where @ and B have full column rank, and are commonly referred to as the error correction
coeficients and the cointegrating vectors, respectively. The following assumption is standard in

the cointegration literature:®

(Ad) Ifrank(Il) = r, 7 = 1,2,... ,m — 1, then /| B, is of rank m —r, where &y and B, are

m x (m —r) matrices of full column renk such that &’ &) = Oy (m—r) and B'B 1 = Opyx(mr)-
Under Assumptions (A3) and (A4) the elements of &, are either I{0) or I(1). To ensure that

the variance-covariance matrix of §;, is finite over the sample period, t = 0,1,... ,T, the m — r

pure unit root components in {£;} must have started in a finite period in the past. To separate

the pure unit root components in {£;,} from the covariance-stationary ones, it will be useful to

introduce the matrix C defined as

C=8, (e 8)) " o). (2.21)

It is well known from the cointegration literature that under rank (II) = 7, r = 0,1,... ,m, the

matrix C has rank m —r, and there are m —r pure unit root componentsin &;,t = —M+1,-M +
2,...,T.7 For consistency with (2.16), the 7 cointegrating relations 8'¢;,, t = —-M +1,-M +
2,...,T, must have reached covariance stationarity. The following final assumption ensures both

that the variance-covariance matrix of £, is finite over the sample period, and that the cointegrating
relations (3'¢;, have reached covariance stationarity, irrespective of the number of pure unit root
components in {&;,}.

(A5) The initial deviations €; s are given by

o0

&= (¥ ~C)ei_p-, +Cv;, (222)
i=0
where €;4,1=1,2,... ,N; t < T, are independently and identically distributed across ¢ and overt,
endv;, i =1,2,...,N, are independently and identically distributed across i, with

: ' Q¢
Bl ™ Yothos and Var|  ls= i (2.23)
oy v; £ 5

§ being a positive definite matriz.

€See, for example, Johansen (1995, Ch. 4).
"See, for example, Jehansen (1995, Ch. 4).

_i3-



Substituting (2.22) back into (2.15), and noting from the definition of C that IIC = 0,,, and
thus C = ®C, we have that

oo ) t+M-1
& = Z (¥ - C)eip-; +C ( Z E.':,t—j) + Co;, (2.24)

j=0 =0

t=-M+1,-M+2,...,T, and therefore also

o
B =0 Z q:‘jei.t—j, (2.25)
3=0

E(B'€y) = Omx1, and Var (8€,) = B (z;";o@mﬂ) B t=-M+1,-M+2,..,T Itis
thus seen that (AS5) indeed implies that the cointegrating relations B'€;, have reached cuvariance
stationarity, irrespective of the number of pure unit root components in {£;}. Furthermore, in
the case where all roots of the determinantal equation (2.3) fall outside the unit circle, C = Or,,
and (2.24) reduces to (2.16). In the case where all roots of (2.3) are equal to unity, C = & = I,
and (2.24) reduces to (2.17), with & _»; = b;. Also note from (224) that since {& — C};io is
absolutely summable irrespective of the number of eigenvalues of ® that are equal to unity, the
variance-covariance matrix of &;;,,t = -M +1,-M +2,... ,T, is finite. Furthermore, it is worth
noting that there are (m —r) (m — r + 1) /2 free parameters in the variance-covariance matrix of
Cu;, which corresponds directly to the number of pure unit root components in {£;;}. Finally,
since the pure unit root components in {£;,} have started in a finite period in the past, there are m
individual-specific intercepts present in {wy} irrespective of whether {£;,} is covariance stationary,

pure I(1), or I(1) and cointegrated.
Our initialization of the PVAR(1) model (2.12) can be readily extended to the PVAR(p) model
(2.1) for p > 1. It is now assumed that o', I'8, is of rank m —r, with a, a;, 3, and B, defined as
before, and that the initial p deviations in the sample, namely &;,t =0,1,... ,p — 1, are given by

&: =C"(L)eit + Csit + C¢;, i=12,...,N; t=0,1,...,p—1, (2.26)

where $i0 = Omx1; 8it = Sy &ty C* (L) = Y52 C3, Cg =1, =C, C; = Cj + C_y, 5 2 1,
C(L) = £32Ci?, C = 3554C;, Co =L, Cr = =(In— 1), C; = 31, Cj®r, § 2 2
(with C; = O for j < 0),% and ¢; is independently distributed across ¢ with E (¢;) = Omxi,
and Var (;) = F, I being a positive definite matrix. It is readily verified that when p = 1, the
specification (2.26) of the initial sample deviations is equivalent to the one implied by (A495), with
Ci =i+ Zﬁal € j,and F =JF +M(Q2+¢). The specification (2.26) again ensures that the

8Johansen (1995, Ch. 4) discusses the properties of the matrix polynomials C (L) and C* (L) in some detait, and
in particular shows that both {C’};’:n and {C;};n are absolutely summable. See also Pesaran, Shin, and Smith
(2000).

—14_



variance-covariance matrix of £;, is finite over the sample period, t = 0,1,... ,T, and that the r
cointegrating relations 3'€,,, t = 0,1,...,T, have reached covariance stationarity, irrespective of
the number of pure unit root components in {£;,}. The same processes generating the covariance-
stationary components of {5.«,}3 —p also generate those of {&: }f;& , and the same processes generating

the pure unit root components of {5‘-,}3;’, also generate those of {£;, )7

3 Resolving the Incidental Parameters Problem

To overcome the incidental parameters problem due to the fixed effects and the initial observations
when T is finite, following the analysis in Hsiao, Pesaran, and Tahmiscioglu (1999) of a univariate
dynamic panel data model we work with the unconditional joint probability distribution of the first

differences Aw;y, Awga, ..., Awip, AW, 1, .., Awir, which we decompose as?
Pr(Awi, Awig,... ,AWip, AWips1, ... , AWT) (3.1)

=Pr (Aw.-l, Aw,'z, vy AW,‘-_D] +Pr (Aw‘-|p+1, AW,"p,;_g, ves ,AW,'T| A wi, Aw,-z, T ,AW,'p) .

To obtain the first component on the right-hand side of (3.1), namely the unconditional joint
probability distribution of Awii, Awig,. .., Aw,y,, we invoke the specification (2.26) of the initial
deviations in the sample. Combining the covariance-stationary representations in first differences
of the observations dated t = 1,2,...,p — 1 implied by (2.26) with the error correction repre-
sentation of the PVAR for t = p one obtains the unconditional joint probability distribution of
Aw;r, Awig, . .., Awy, free of the incidental parameters and initial value problems. From (2.26) it
is readily verified that the following first-difference representation holds for t = 1,2,... ,p—1:

Awy —v=C(L) ey, t=12,...,p— 1. (3.2)

Also, substituting for &,y from (2.26) into the error correction representation (2.10) for t = p, after

re-arranging terms and noting that [IC = O, one obtains that

p—1
Awip =7 =Y 5 (Bwip ;=) + Nip: (33)
i=1
where
1;p = IIC* (L)eio + Eip- (3.4)

Collecting the disturbance terms in (3.2) and (3.3),

equcwmbcwm%”wcwmrhmJ, (3.5)

Recall that the available observations are wig, Wi1,... , Wir, irrespective of the order of the PVAR, p < T.



we have that E (ei) = Ompx1, and Var(e:) = X, where

Go G G - G Hi \
G G G - Gps M
X, = : i T e (3.6)
-2 Gpg Gpea 0 Go Hpa
MMy My oo M, ¥

with

gl = Z CjQCQ-H) = 01 1,... P — 2; H = (ZCJ-HQC;,) HI¢ i= 172! PERIY 1!

j=0

=0 3.7)
and
oo
v=1|d cacy |+ (38)
=0
The variance-covariance matrices Gy, | = 0,1,... ,p—2, Hi, I = 1,2,... ,p — 1, and ¥ under our

assumptions are well defined irrespective of whether some or all of the roots of the determinantal
equation (2.3), |® ()| = 0, are equal to unity. For the pure unit root case, note that Il = Oy, and
thus ¥ becomes equal to §2, and #; becomes equal to 0,,,/ = 1,2, ... ,p—1. For the cases of trend-
stationary and cointegrated PVARs where some but not all roots of |@ (g)| = 0 may be equal to
unity, it should be noted that {C;}72, as well as {C; :10 are absolutely summable. Also note that
all elements of Z. are fully specified by ®;, 7 = 1,2, ... ,p, and/or §2. The parameters of the distri-
bution of ¢;,7 =1,2,...,N, do not enter X, for any 7 =0,1,... ,m. Observing that the Jacobian
of the transformation from e; to (Awél,Aw’iz,. .. ,Awép)l is unity, Pr (Awi;,Awig,... ,Awip)
can be derived, and is, for normally distributed errors, provided in the appendix.

The second component on the right-hand side of (3.1), namely the conditional joint probability
distribution of Awipy 1, AW; pta,. .. ,Awir given Awil, Awgg, ... ,Awip, can be derived using the
first differences of (2.1) fort =p+1,p+2,...,T:

P
Aw;e —7=Z(}j (AW,‘J,J' *’7)+A5it, t=p+1,p+2,...,T. (39)
=1
Note that the first-differencing eliminates the fixed effects for the last T'—p time-series observations
in the panel. Collecting the disturbance terms in (3.9),
/
fi=( Delpry Dy oo, el ) (3.10)

using linear projection we have that E (files) = Cov (i, e:) 2. ei, which simplifies to E (f;|es) =
!

[ —(ORe:), Olxm(T—p-1) ] , where R denotes the m x mp matrix formed by the last m rows of

—16—



71, and that Var (file)) = Var (f;) — Cov (f;, ) 7 Cov (s, f;), which simplifies to Var (f;e;) =
e, where

B -0
- 20 -0 0
e = ey e, , (3.11)
0o - 20 -Q
\ - 20
with
B =20 - QSN (3.12)
and S denoting the m x m matrix formed by the last m columns of R. Observing that the Jacobian
1
of the transformation from f; to (Aw:_p“, Awﬁ,pw, L, AW:T) is unity,
Pr (AW,‘_,H.]_, Awi,p+2, el AW{Tl A Wil, AW‘Q, ) Aw,-p)

can be derived, and is, for normally distributed errors, provided in the appendix.

The unconditional joint probability distribution function of the transformed observations, Awit,
AWy, ... AWy, OWipi1, ... ,AW,r, can now be assembled as in (3.1), and in contrast to the
probability distribution function of the untransformed model, (2.1), is not subject to the incidental
parameters problem. Before establishing the properties of the resultant ML estimator, we shall
consider the use of the transformed model equations (3.2), (3.3), and (3.9) for GMM estimation.
Having discussed the difficulties with GMM estimation evenafter the incidental parameters problem
has been resolved, in Section 5 we shall establish the properties of the ML estimator and discuss

its computational implementation.

4 GMM Estimation

Most discussions of GMM estimation of dynamic panel data models are within a single equation
context (for example, Arellano and Bond, 1991, Ahn and Schmidt, 1995, Arellano and Bover, 1995,
Blundell and Bond, 1998).1° However, just like Three Stage Least Squares (3SLS) estimation of a
system of equations can be more efficient than the single equation based Two Stage Least Squares
(2SLS), we shall generalize GMM estimation to a systems context, and then show that if the PVAR
contains unit roots, the conventional GMM approach using instruments that are orthogonal to the

disturbance terms of the model equations breaks down. We then investigate if the use of variants

19An exception is Holtz-Eakin, Newey, and Rosen {1988), who study a multivariate setting also, but in a framework
different than ours.
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of homoskedasticity and stationarity implied moment conditions as suggested by Ahn and Schmidt
(1995) and Arellano and Bover (1995) can help resolve the issue.

To simplify the exposition, for much of the remainder of this paper we set p = 1, and consider
the PVAR(1) model (2.12). The counterparts of the transformed model equations (3.3) and (3.9)
for the PVAR(1) model (2.12) are given by!!

Awy —y =14, (4.1)

where 7);; is given by (3.4) for p = 1, namely

(=]
M =€a-(In—2)Y Pei;, (4.2)
3=0
and
ADwy =7 = (Owier — 7} + Dew, t=2,3,...,T. (4.3)

Also, from (4.1) it follows that for the PVAR(1) model (2.12) it holds that
Awig =7 % (Omx1, T), (4.4)

where ¥ as before is given by (3.8), which in the case where p = 1 can be written as

U = (L, - ®) (i cp_in@") (I — ®)' + 9. (4.5)
i=0

The appendix provides many of the results derived in the remainder of the paper for p =1 for the
case where p > 1.

4.1 Conventional GMM Estimation

The conventional GMM estimator, developed for (trend-) stationary models, employs instruments
that are orthogonal to the model disturbances. For the first-differenced PVAR(1) model (4.3), such
instruments are given by a constant and levels of the dependent variables, w;¢, lagged two or more

periods (which are predetermined). The standard orthogonality conditions are thus given by

E{[(Awit — ) — @ (AWit1 — )] Dt} = Omx(ie—1)m+1)» t=2,3,...,T,
(4.6)

where

’
Q¢ =( 1| w:o: w;p seey “’:.L_Q ) . (47)

"Note that (3.2) need only be considered in the case where p > 1.
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To obtain the conventional GMM estimator using the moment conditions (4.6), note that the
first-differenced PVAR/(1) model (4.3) can in stacked form be written as

S:i=RA+E; (4.8)
i=12,...,N, where
8= ( Awgpn, Awg, ..., Awgr )r, E; = ( Deg, Deg, ..., Agr )f,
(4.9)
Ro=(Pi, oo ), Pi=( Awa, Awa, ..., Awiro ) (4.10)
A=(8 &), a=>.-2) (4.12)

and ¢7-1 denotes a (T — 1) x 1 vector of ones.
Pre-multiplying (4.8) by the (mT/2 + 1) (T — 1) x (T — 1) block-diagonal instrumental variable

matrix Q;,

Qi2 O(m+1)x1  O(mt1)x1
0@2m+1)x1 QU3 O(2m+1)x1 0
Qi=| 0@m+nx1 OBm+1)x1 Qi ) (412)
0 qiT
one obtains
QiS: = QiRiA + QE;, (4.13)

the transpose of which in vectorized form becomes
(Qi ® Ip) vec (8]) = (QiR; ® L) X + (Q: ® L) vec (Ef) (4.14)

where A = vec (A’). The conventional GMM estimator of A is obtained by minimizing

-1

N "IN
[Z (Q:i ® L) vee (S)) — (QiR; ® Im) ,\] [Z (Qi®In)ZT(Qi®Ly)
1=1

=1

N
. {Z (Qi ®In)vec(S)) - (UR; ® Im)A] , (4.15)

i=1
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where

20 -Q
-0 20 -0 0
T= . (4.16)
0 -0 20 -Q

- 20

The moment conditions relevant to the estimation of Q are given by

E{[awit -7~ &(AWig-1 — )] [Awit =7 = B (Awig-1 = 7)) — 20} = O,
(417)

for t = 2,3,...,T. Also note that in the case of a trend-stationary PVAR, upon estimation of a;
from (4.15), v may be consistently estimated as

= (1, —3)451. (4.18)

The conventional GMM estimator is consistent if all eigenvalues of @ fall inside the unit circle,
but breaks down if some eigenvalues of @ are equal to unity.!? Note that a necessary condition for
the GMM estimator (4.15) to exist is that rank (N D P Q;R,,«) =m+1as N — oco. In the case

where & = I, rank (N'l 2?’;1 QiRi) as N — o0 is less than m + 1, however. This is because
when @ =1I,,, AW = v + €55, and Wy = Wig+ Y + si¢, with s;¢ as before given by s = }::zl €1,
and thus it follows that for t = 2,3,...,7,j=0,1,... ,t —2,as N — co

2

N
1 1 X X
N Awieawh; = 55 (7 + ) (Wio+ 75 +55)' By (wio+ 75 (419)
1

1=1

il
-

(where ®, denotes convergence in probability), which is of rank one. In other words, when ® = L,
the elements of q;¢ are not legitimate instruments. For the PVAR(p) model (2.1) (with p > 1),
although N1 ):f:l Awi1Wi, t =2,3,...,T,j=0,1,... ,t—2, may be of full rank as N — oo,

N

1 ' ’ 7

N Z‘Iit [ (Awig1 =), (Bwigma =), ., (Bwiep—9) ] » (4.20)
i=1

2Note that if there are no restrictions on the deterministic trend terms, that is, the PVAR(1) model is written as
(In — ®L) wie = p4; + Tt + &ir, then when the roots of [I,, — ®g| = O are equal to unity, minimizing (4.15) can yield
consistent estimates of A if m = 1, but not for m > 1. Note that if there are no restrictions on the deterministic trend
terms, then when the roots of |[Im — ®g| = 0 are equal to unity, the mode! contains both a linear and a quadratic
deterministic trend, whereas it only contains a linear deterministic trend when all roots of |I.. — ®el = 0 fall outside
the unit circle.
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t=1,2,...,7, will have deficient rank as N — oco. To see this, note from (2.8) that if "7

j=

1‘1’;' =
I, then (2.1) may be written as

@* (L) (Awy ~ ) = &at, (4.21)
!
with ®* (L) given by (2.9). Post-multiplying (4.20) by ( I, —-%i, —®, ..., -&; ) ; it

follows that for t = 2,3,... ,T,as N — oo

N

1

N E QizE;’,g_l ) O{m(:_1)+1)xm- (4-22)
=1

In the event that the PVAR(p) model (2.1) contains unit roots, the conventional GMM estimator
breaks down.

4.2 Conventional GMM Estimation Incorporating Initial Conditions

In the case of models with non-zero deterministic trends the conventional GMM moment condi-
tions (4.6) can for estimation of the trend coefficients () be augmented with additional moment

conditions based on (4.1), namely

E(/.\w,-l - ‘)‘) = Omxl- (4.23)
Stacking (4.1) and (4.3), we have
5= Rur+ B (20
i1=1,2,...,N, where
~ ’ P . 1
S=(aws, &), E=[e1-(n-0)T2®eiy E |, (4.25)
s 2y 0 2 '
R‘i = P‘i'l Lr, L] Pi = ( Omxl-. P: ) L (426)
LT-1

and

A= ( @a T _@'Y )
Pre-multiplying (4.24) by the [m (T — 1) /2 4+ 1] T x T block-diagonal instrumental variable matrix
in

!

(4.27)

[ aqu 0 0
O(m+1)x1 Qi2 O(m+1)x1 0
Qi = | O¢em+x1 O@minx Qi3 y (4.28)
\ 0 Qr
15
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and vectorizing the transpose of the resultant expression one obtains
(Q@1Ln) vee (8:) = (QRi @ Tn) X+ ((’ii ® Im) vec (ﬁ;) ) (4.29)
where X = vec (K’) The conventional GMM estimator of X is obtained by minimizing
’
[ﬁ{: (61 ® Im) vec (5:) -~ (Q.ﬁ, ® Im) X] [i (6. ® I,,.) z (61 ® Im),
i=1

[S@om)uels) - (@ron) 3. 0

i=1

-1

where
‘v - \
-0 20 -Q 0
L= i (4.31)
0 - 20 -Q
\ - 20 )

with ¥ given by (4.5). The moment conditions relevant to the estimation of Q are again given by
(4.17).

The conventional GMM estimator of @ incorporating the initial conditions will be more efficient
than the conventional GMM estimator of ¢ not incorporating the initial conditions. Note, though,
that (4.30) introduces nonlinear restrictions between & and «. Both the conventional GMM esti-
mator of ® based on (4.15) and that based on (4.30) break down if some eigenvalues of ¢ are equal
to unity.

4.3 Extended GMM Estimation Using Homoskedasticity and Stationarity Im-
plied Moment Conditions

The above discussion shows that in the presence of unit roots the consistent estimation of the PVAR
model requires further moment conditions. One possibility would be to augment the standard
orthogonality conditions (4.6) and (4.23) by homoskedasticity and stationarity implied moment
conditions as derived by Ahn and Schmidt (1995) and Arellano and Bover (1995) in the context of
univariate dynamic panel data models. In the context of the PVAR(1} model (2.12), the Ahn and
Schmidt (1995) homoskedasticity implied moment conditions can be written as

E (Wit A€} yyy — Wigs1 A€ gg) = O, t=1,2,.. ,T-2, (4.32)

and

E

T
(T-lzd,-,) /_\.s;'m] = O, t=12,...,T—1, (4.33)

=1



where
dit = wit — Owip1 — (Ln — @)yt — &, (4.34)
The Arellano and Bover (1995) stationarity implied moment conditions can in the context of the
PVAR(1) model (2.12) be written as'3
E [(Awig—y — ) diy] = Om, t=2,3,...,T. (4.35)
Following Ahn and Schmidt (1995), the moment conditions (4.32), (4.33), and (4.35) after removing
duplicate information may in combined form be written as
E[d.-;r- (Awu—'y)’] =0, t=1,2,...,T -1, (4.36)
and
E {dz‘t (wie —¥)" — dig—y [Wipm1 =y (t — 1)]’} =0, t=23,...,T.
(4.37)

Since the moment conditions (4.36) and (4.37) involve the fixed effects, y;, it is necessary to verify
whether they are also applicable to the PVAR(1) model (2.12) as we have specified it.

Noting that the counterpart of the first-difference representation (3.2) for p = 1 andt =
1,2,...,T is given by

Awig —y =€t = (Ln = ®) Zq’jei,t—j, (4.38)
pord

and that dir = (I, — ®) p; + €i7, (4.36) can be written as
- ’
ES [(In —®) i +&i7] |Eit — (Tn = @)Y Pleiyj| p=0m, t=12,...,T~1,
=0 (4.39)
which is valid under the assumption that (I, — ®)u, and €3, t < T — 1, are uncorrelated. Note

that this assumption does not rule out correlation between u; and initial disturbances, say €; -
if p;, for example, was generated by

;= CTie; _pr +ui, i=1,2,...,N, (4.40)

where 90; is an m x m matrix of parameters, and w;, ¢ = 1,2,... ,N, is an m x 1 vector of random
variables independently distributed across 7, and also independent of €;;, t < T— 1, then (Im — ®) p;
and €;, t < T ~ 1, would still be uncorrelated.

13The Arellano and Bover (1995) moment conditions in the literature are referred to as stationarity implied moment
conditions, as they may be motivated by a stationarity restriction on the cross product of the regressand and the
fixed effects vector.



Turning to (4.37), noting that under (A5) {Wu}thl is generated from

oo t+M-1
Wit = i+t + Z (® - C)eir—j +C ( Z Ei.:-j) + Cv;, (4.41)
j=0 j=0
it is readily seen that (4.37) will be valid if p; and €5, t = 1,2,...,T, as well as (I, — ®) g; and

€it, t <0, are uncorrelated, and (Im — @) E (g2ip2]) as well as (I — ®) E (p;0!) C' exist.

The validity of our proposed ML estimator will be unaffected by whether the assumptions
needed for the homoskedasticity and stationarity implied moment conditions (4.36) and (4.37)
to be valid do hold, as it will be based on the unconditional joint probability distribution of
the transformed observations, Awi), Aw;s, ..., AW;7, which, as seen in Section 3, does not
involve g;. It should also be noted that even when the moment conditions (4.36) and (4.37)
are valid, the variance-covariance matrix associated with these moment conditions does depend
on the individual-specific effects p;. Because of this dependence, without further (homogeneity)
restrictions on the distribution of y; it is not possible to derive the optimal weighting matrix
associated with the homoskedasticity and stationarity implied moment conditions (4.36) and (4.37),
and the orthogonality conditions (4.6) and (4.23). The extended GMM estimator based on a non-
optimal weighting matrix will in general not be as efficient as our proposed ML estimator.

To overcome the dependence of the variance-covariance matrix associated with the moment
conditions (4.36) and (4.37) on the individual-specific effects ;, an alternative way of making use
of the homoskedasticity restrictions on €3 wouid be to combine (4.32) with (4.6), and consider the
moment conditions

E (AW;] A €:,:+1 = AW{'H,l A E;,t+2) = Om, t=2,3,...,T-2. (442)
Note that

E (sz‘: A E;.t+l - Awi.H-l A EIi.t+2)
= E (Wit A€l = Wigr1 D ipra) ~ E (Wie-1 D) + E (Wit S efggn),  (443)

and thus it is readily seen that (4.32) and (4.6) imply (4.42).* However, the moment conditions
(4.42) do not lead to a workable extended GMM estimator. To see this, let

Vi () = Awy (Awiee — ) — AWirin (Awieio — ), (4.44)
and

Zi(y) = Awi (Awir — ) = Awiir (Awigg — 7). (4.45)

41t may be verified that under Assumption (45) (4.42) is applicable for ¢t = 1 as well.
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Then (4.42) can be rewritten as

E {vec[Awi D], 1 — Awigy D€ly,]} = E {vec[Va()] — (Im ® Zie(¥)]} vee (¥) .

(4.46)
However, it is readily seen that
1< 1
plim [N Z Awg (AW — —T)’] = plim [I_V Z AW (AWigio — 'T)’] .
N—oo im1 N—oo e (447)
Similarly,
lim lzN:AwA (Awy ~ Y | = plim 1 ﬁ:Aw< (Dwig —) (4.48)
le_.w N 2 it it~ E—ma N 1:1 641 1641 . .

Thus, the moment conditions (4.42) are of no use for the estimation of ®.
Another possibility of making use of the homoskedasticity restrictions would be to consider the
second moments directly, taking account of the correlation of Aw;,—; with Agie. Using (4.1) and

(4.3), it is readily seen that

E{[Awi —y — @ (Awy — 7)) (Awi — )"} = E [Aei (Awa — )] = -Q.
(4.49)

Thus, the following moment conditions must hold:
E{[Awi —v - & (Awi — )] (Awi — ) + Q} = 0. (4.50)

Furthermore, using (4.3) and (4.38) it is readily seen that the following T — 2 sets of moment
conditions must also hold:

E{[Awi—v =@ (Owieg =] (OWig1 =7 +Q} =0m,  t=3,4,...,T.
(4.51)

The T — 1 sets of moment conditions (4.50) and (4.51) hold regardless of the unit root and coin-
tegrating properties of the PVAR(1) model (2.12), and could augment the standard orthogonality
conditions (4.6) and (4.23). The standard orthogonality conditions (4.6) will not be contributing to
the estimation of ® if it happens that ® = I, and will contribute only partially under cointegra-
tion. As some of the roots of ® approach unity the relative contribution of the moment conditions
(4.6) diminishes, and the q;’s become weak instruments in the terminology of Staiger and Stock
(1997).

The problem with the homoskedasticity implied moment conditions (4.50) and (4.51) is that
they do not imply unique solutions for ®, in general. To see this, note that upon substituting (4.17)



into (4.50) and (4.51) to express (4.50) and (4.51) as a function of @ alone, the resulting moment
conditions become quadratic in @, and it is not clear how to choose among the multiple solutions
of the extended GMM moment conditions, in general.

To construct an extended GMM estimator, let us stack the standard orthogonality conditions
(4.6) and (4.23), and the homoskedasticity implied moment conditions (4.50) and (4.51) as

E [m(Awi, K)] = O(mm(r-1)/2+1T+m2(T-1)}x1» (4.52)
where k = (7', ¢')',
¢ =vec(?), (4.53)
Aw; = 'uec( Awy, Awig, ..., Awir ) s (4.54)
and
Lwy —y \
vec{((Awi —y) — @ (Awa —7)] Qiz}
vec{[(Awsz — ) — @ (Awez — 7)] iz}
m(Awi, k) = | vec{((Aw,r —-y) - @(Awira - Vair) | (4.55)
vec[Us(+y,®))
vec[Uis(y,®)]
vec(Uyr(~Y, ®)] /
with

Us(7,8) = 2[(&wi—7—@(Awie1 — )] (Bwier =)
F[awi =y —® (Awip) — )] [Awi — v — @ (Awier — )], (4.56)
i=1,2,...,N.% Using familiar results from the literature on GMM estimation developed by
Hansen (1982) and noting that by assumption Aw; are independently and identically distributed

across 7, the extended GMM estimators of x can be computed by solving the following minimization
problem:

min My (k) Al (K)A N (K)My(K)] , (4.57)

!SIn our Monte Carlo simulations in Section 10 below, we shall also consider the extended GMM estimator con-
structed by stacking the standard orthogonality conditions (4.6) and (4.23), and the homoskedasticity and stationarity
implied moment conditions (4.36) and (4.37).
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where

N
M () = %\r mAw,K),  Ay(K) = Diy(R)WR(K), (4.58)
=1
N N
Dn(k) = %Z w, and Wy(K) = 1%. m(Aw;,K)m' (Awg, k).
=1 = (4.59)

Finally, the moment conditions relevant to the estimation of ¥ and ) are the same as for the
conventional GMM estimator incorporating the initial conditions.

It may also be noted that the solution of (4.57) with W (k) given in (4.59) is not as efficient as
the extended GMM estimator replacing W (k) by E (W n(x)], that is, using a weighting matrix
that takes into account all model restrictions.}® However, the derivation of E (W (x)] is not a
trivial exercise, and will not be pursued here. Rather, in light of the various problems with GMM
estimation that we have discussed, we revert our attention to the unconditional joint probability
distribution of the first differences of the observations derived in Section 3, and establish the

properties of the ML estimator based on it.

5 ML Estimation

The unconditional joint probability distribution of Aw;y, Awig, ... , AW;p, AW pyq,. .., AW,T was
derived in Section 3. In this section, we again set p = 1 to simplify the exposition and facilitate
comparison with the GMM estimators derived in Section 4.17 In the case where p =1 it may be
simpler not to invoke the decomposition (3.1), but to work directly with the unconditional joint
probability distribution of Aw;1, Awyg,... ,Aw,r. From (4.1) and (43) it readily follows that
under the assumption that €;;, ¢ < T', are normally distributed the unconditional joint probability

distribution function of

ri =vec( Awg —y, Dwp—, - Awir — ) (5.1)
is given by
~ 1
[Tem)™2 = 2 exp [—5 (ri — Higp) &7 (s —Hm)] ; (5:2)
i=1
where k = mT,
H;=G.®I,, (5:3)

18See also Amemiya (1973).

"Once again, the appendix discusses the more general case where p > 1.
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G;= ( Omx1, Awiy—7y, Awp—7, ..., Awir—7 ) ' (5.4)

¢ is given by (4.53), ¢ = vec(®), and I is given by (4.31),
4

v -0
-0 20 -0 0
= ; “ - )
0 - 20 -Q
N -0 20

with ¥ given by (4.5),
o
U =(In-9)| ) 00 | (In—®)' +9Q.
3=0
The ML estimator of (5.2) is equivalent to finding -y, ®, and © to maximizing the unconditional
log-likelihood function I (8),

N
10) = -2F 1 (2r) - Smnim - 23" (ri - Hig) 57 (e - Hio), (5.5)
=1

2
where 0 = ( ~, ¢, o )’, with o = vech (Q2).18
Under the assumption that T is finite, the likelihood function associated with Awy, 7 =
1,2,...,N; t = 1,2,...,T, is well defined irrespective of the location of the eigenvalues of @,
and depends on a fixed number of parameters.!® We then have the following proposition:

Proposition 5.1 Under Assumptions (Al), (A2), and (A5),2C and assuming that 8 € ©, where
© is a compact subset of R3™(mH1/2 and the true parameter vector, 0y, falls in the interior of O,
the ML estimator associated with the likelihood function for Awy, i =1,2,... ,N;t=12,... T,

Om L, is consistent and asymptotically normally distributed when N tends to infinity.

Note that normality assumptions on €4, ¢ = 1,2,...,N; t < T, are not needed for large N
asymptotics.?!

*8The appendix in (A.16) provides the unconditional log-likelihood function derived using the decomposition (3.1).
Tt may be verified that the ML estimator of @ based on (5.5} is equivalent to the ML estimator of & based on (A.16)
under p = 1.

'*While in our exposition we have for simplicity not allowed for any of the roots of the determinantal equation
(2.3) to fall i:'nside the unit circle, the latter possibility can be readily accommodated by augmenting (A5) with the
assumption that the explosive components in {£;,} have started in a finite period in the past, with an independent
and identical distribution across ¢, and that the covariance-stationary and pure unit root components in {£;,} are
generated by the relevant counterpart of {(2.22). A note discussing this issue in further detail is available from the
authors upon request.

20Gee also Footnote 19.

2'For certain non-normal distributions generating {e::}, further regularity conditions may need to be verified. See,
for example, van der Vaart (1998) for further discussion.
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To compute the ML estimator, in the case of a (trend-) stationary PVAR it is useful to rewrite
the infinite sum on the right-hand side of (4.5) yielding ¥, and in all three cases it is useful to
invoke an efficient scheme for the computation of the determinant and the inverse of . To express

¥ in the case of a trend-stationary PVAR in non-recursive form, note from (4.5) that

LY = PN+ P (I, — &) QL — 3) TV
Jj=0
BN + ¥ — Q2 — (I — @) Q (L — D). (5.6)

Vectorizing (5.6) it therefore follows that

vech (¥) = D}, (L2 — & ® 3) ' Dyvech (20 — 20 - Q&) (5.7)

where Dy, is a m2

x m (m + 1) /2 dimensional matrix, known as the duplication matrix, defined
such that vec (M) = Dpvech (M) for any symmetric m x m dimensional matrix M, and D}, is
the generalized inverse of Dm.?> To compute the determinant of £, one may make use of the
block-tridiagonal structure of £. Applying the block LDL' factorization to I, the latter may be

factorized as??
T = ArLApAL, (5.8)

where Ap is a block-diagonal matrix with j-th diagonal block given by A%) = ¢l Ag) =
. -1

(2Q - QAg_l)Q) ,7=2,3,...,T,and where A; = ABI—AU, with Ay being a block-subdiagonal

matrix with all subdiagonal blocks equal to Q. It then follows that

det () = [det(AL)]zdet(AD)=Eg(1A_D)

1 £ )
= ——— [ det(A}). 5.9

gorwy [0 (43) 59
To compute the inverse of £, one may again make use of the block-tridiagonal structure of £. An
efficient scheme is to adapt the recursions based on Bowden's procedure in Binder and Pesaran

(2000) to . The inverse of & can then be computed as

SE=T+1-0)[(-1) - -2) L] [TY - (T-DQ™, 12,
(5.10)

2%In practice, one will want to avoid computing the generalized inverse, D¥,, of Dm for large values of m, and
instead determine vech {¥) from vec (¥) by selecting the appropriate elements of vec ("V) through a simple element
selection loop. In the case of a cointegrated PVAR, (L. — ® ® ®) is singular; ¥ may then be computed using
numerical recursions invoking an appropriate stopping rule to replace the infinite sum on the right-hand side of (4.5)
by a finite sum.

23For further details see, for example, Binder and Pesaran (2000), who in the context of the solution of multivariate
linear rational expectations models discuss the block LDU factorization, of which the block LDL’ factorization is a

special case.
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and

E;;l =(T+1-j)TY—(T-1)Q ' [t-1)eQ - - 2)Inm], i>4
(5.11)
where £, denotes the ji-th block of 574, j,0=1,2,...,T.
A note describing further details of the numerical algorithm we use to compute the ML estimates

is available from the authors upon request.

6 MD Estimation

In this section, we suggest a MD estimator based on the transformed model equations.?* The MD
estimator will be used as an initial estimator for the ML iterations.

Consider again the PVAR(1) model (2.12). Conditiona! on ¥, the ML estimator of ® and = is
equivalent to the MD estimator that minimizes

N
> (ri —Hi¢) 7' (ri - Hig), (6.1)
i=1
where r;, H;, ¢, and T are defined in (5.1), (5.3), (4.53), and (4.31), respectively. Therefore,
conditional on 7y and Z, the MD estimator of ® is given by

" N -1/ N
b= (Z H;E“H‘-) (Z H;z-lr‘-) - (6.2)
t=1

i=1

and, conditional on ¢ and £, the MD estimator of -y is equal to

N
5= (NJz-‘J')“ [ZJE-I (Awi — L.¢)] , (6.3)
=1
where
I= (I In-@, In-%, ..., In-¥ ), (6.4)
L:=K;®I,, and K;= ( Omxt, Owii, Owiz, ..., Owir.) ) (6.5)

The variance-covariance matrix £ may be (block) diagonalized as
D, 0

Dy
UsU' =D = ) ) (6.6)

0 Dr

24See Chamberlain (1984) for an early discussion of MD estimation of panel data models.
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whete Dy =1, D; = U; 1 QU; = [jU/2Q7 — (5 —1) ¥712) Q [(5 — 1) ¥1/2Q~! — (j = 2) T-1/2],
j=2,3,...,T, and

U,
U U, (4}
U=| U, U; Us ) (6.7)
U Uz Uz --- Ur
with Uy = U~V2, Uy = 0/2071, U; = 2U;_y — Ujop = (- 1) ¥V/2Q70 — (j-2) T~ Y2 j =
3.4,... ,T.25 Therefore, one may consider the following iterative scheme to obtain the MD estima-

tor:
Step 1: Form initial estimates of 4, ®, and Q from the moment conditions E (Awi — ) = Omx1,
t=1,2,...,T, (4.50), (4.51), and (4.17) as follows:

~0) 1 T N
7 =gt ; ; Dwys, (6.8)
LSS [wi - 3080 (wiy ~50)] (Bwigs ~50) +30 =0,
(T - I)N t=2 i=1 ’ ' (69)
ar
T N Y e
30 _ [Z Y (Bwie =59 (Bwigr ~53) + 0O
=0 i
t Ti ;.V , 3
33 (Awie1 =59) (Awies -59) } : (6.10)
=2 =1
and
T N
[Bwi =59 - 3O (Awier -59)] ; (6.11)

It is clear from (6.10) and (6.11) that 3(0) needs to be computed by iterative techniques. To

initialize the iterations, one will need to make an initial guess for .26

%There are alternative procedures available to achieve such a block diagonalization of £. One alternative is to
employ the block L DL’ factorization used in Section 5 to compute the determinant of . Using Ap and Az as defined
in Section 5, we have that Ap = A7 T(A%)™", where A7' is lower triangular.

26As was discussed in Section 4, the solution of the homoskedasticity implied moment conditions (4.50) and (4.51)
is in general not unique. But for the purpose of initializing the MD iterations in our Monte Carlo simulations reported
in Section 10 below we found that if all elements of the initial estimate of Q) were chosen sufficiently small, then the
eigenvalues of ) computed by iterating on (6.10) and (6.11) tend to fall inside the unit circle if the eigenvalues of
& fall inside the unit circle.
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Step 2: From the initial estimates of ®, 4, and Q transform r; into r} = D~Y/2Ur;, and vec(G;)
into vec(G{) = D~/2Uvec(Gy), and estimate ® and -y by minimizing the Ordinary Least Squares

objective function

N

> (r; - Hi¢) (r; —Hi9), (6.12)

i=1

where H! = G}’ ® I,n. Numerically, this may be achieved in fast and accurate manner by solving
two unit triangular equation systems each for ® and <. For example, factorizing zfil H£2_1Hi
as

N
> HZ7'H: =B.BpB, (8.13)

i=1
where By is unit lower triangular and Bp diagonal (see, for example, Golub and van Loan, 1996,

for an algorithm to achieve such a factorization), to obtain an estimate of ®, one needs to solve the

unit upper triangular equation system
B¢ =Bz, (6.14)
with z being the solution to the unit lower triangular equation system

Bz = iv: (D-l/?UH,-)' (D‘I/gUr,-) . (6.15)

i=
Step 3: Re-estimate ) based on the revised estimates of ® and -, using the moment condition
(4.17).
Step 4: Repeat Steps 2 to 3 until the estimates converge.

The MD estimator is consistent. The consistency of 4 can be easily seen from (6.8). Therefore,
we shall treat v as known and consider the consistency of®. Note that

~ N =1
d-¢= (E Hﬁz—lfii) (E H;E“ﬂ‘-) s (6.16)
=1

=]

where

9; = vec( N, Dep, Aeg, ..., Der ) ) (6.17)

with 7;; given by (4.2). The numerator of the second term of (6.16) divided by N has the form

’
N T t=1 t
il e
N ZZ(UH,;QU,:) 1 (Z Uj A W"j) (Ulﬂﬂ + ZUJ A E;‘j) g (618)
i=1

i=1 =2 j=2
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t-2 .
Substituting Awy —y = ®8 (Awiy — ) +Zj=04>-’ Aegiyj, and noting that Uj4 —2U;4+U i =
Om, one can show that

’

t-1 t

E ZUJ A Wij U[f]u + ZUJ' A Eij — Om. (619)

i=1 j=2

Therefore, by a law of large numbers, (6.16) converges to 0,,2,; as N — co. The MD estimator

does not require normality assumptions on &3, 7=1,2,... ,N; ¢t < T, to remain valid.
Furthermore, conditional on 4 and X, the MD estimator of ¢ is identical to the ML estimator

of ¢ with asymptotic variance-covariance matrix given by

N -1
[E (Gi®In) T} (G:®I,,.)] . (6.20)
i=1

When ¥ is unknown, the asymptotic variance-covariance matrices of the ML and MD estimators
of ® do not converge to (6.20) because when lagged dependent variables appear as regressors,
the estimation of ® and I is not asymptotically independent (Amemiya and Fuller, 1967). The
asymptotic variance-covariance matrix of the feasible MD estimator of @ is equal to the sum of
(6.20) and a positive semi-definite matrix attributable to the estimation error in $ (Hsiao, Pesaran,
and Tahmisciogly, 1999).

7 Estimating Long-Run Relations

In this section we consider ML and MD estimation ofthe PVAR(1) model (2.12) when rank (II) = r,
r=1,2,...,m— 1, and there are thus r cointegrating relations present. Subtracting Aw;;_; from
both sides of (4.3) yields

Dlwy =TI (Awie ) — ) + Dey,  t=2,3,...,T, (7.1)

with IT given by (2.19), Il = — (I, — ®). Combining (7.1) with (4.1),

Owa —y=ea+TY (T+ 1Y €y,
j=0

we have the logarithm of the joint probability distribution function of

8 = vec( Awiy —v, AW, A’wi, ..., Olwir ) (7.2)
as
Nk N 1
1(6)= ——ln(2m) - S h|Z| -5 ; (si — Hym) =~ (s; — Hym), (7.3)
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where 8 = ( v, 7, o )I, 7 = vec(Il), and H; and ¥ are defined by (5.3) and (4.31), respec-
tively.

Decomposing the matrix II as. IT = a3, where a and O as before are m x r matrices of full
column rank, since a3’ = aKK 2@’ for any r x  nonsingular matrix K, one needs r2 restrictions
to restrict Il = Ir. (The maximum of the likelihood function under rank (II) = r is invariant to

the choice of K.} A convenient form for the identification of 3 is to let
B=HJ+b, (7.4)

where H and b are, respectively, m x g and m x r matrices, both with known coefficients, and
d is a ¢ x r matrix with unknown coefficients. For example, if one chooses the Phillips (1991)

normalization restriction that
o
B=(1, 8), (7.5)

= - . . !
where B is an 7 X (m — r) matrix with unrestricted coefficients, then H = ( Omr)xrs Im—r ) s

I/ ~
b= (1L, Oxgmer) ) and6=73.
As for MD estimation, we note that conditional on 3, -, and £, the ML estimator of atis equal
to

N -1/ W
vee (&) = (Z ﬁgz-lﬁ.-) (E ﬁ;z-lsi) i (7.6)
i=1 i=1
where
H = GiB®Ln, (7.7)
with G: given by (5.4). Substituting vec(8) = (I,,®H) vec (§)+vec (b) into (7.3), the ML estimator
of & conditional on e, %, and T is equal to
N

vee (8) = [Z (HGi @)= (GH® a)] -1

i=1

N
(H'G;®a')Z71s7|, (7.8)

=]
where
st =si— (G" ® a) vec (b') . (7.9)

Therefore, one may obtain MD estimates of & and 3 as initial estimates for the ML iterations by
first estimating 3 using r cross-section regressions in the elements of w; under the normalization
restriction (7.5), and then iterating on (7.6) and (7.8), revising the estimates of v and € in each
iteration step as in Section 6.

_ 34—



The estimation of the cointegrating relations as derived above is based on the assumption that
the time dimension of the panel, T, exceeds for a general PVAR model the latter’s autoregressive
order, p. Sometimes, however, there may not be sufficiently many time-series observations avail-
able for T to exceed p. In the event that T is less than p, one cannot consistently estimate the
autoregressive coefficients in ®;, j = 1,2,... ,p. A natural question to pose, however, is whether it
would still be possible to estimate the cointegrating relations. Unfortunately, this is not the case.
It may be verified that when T < p, then the variance-covariance matrix of the disturbances of
the transformed model equations is unrestricted, which in turn leads to a lack of identification.
This is perhaps most easily seen by examining identification if the true data generating process is
a PVAR(p) with p > 1, but estimation is based on a PVAR(1). The unconditional log-likelihood

function (5.5) then applies, except that the variance-covariance matrix T is unrestricted.

Proposition 7.1 The PVAR(1) model (2.12) with unrestricted variance-covariance matric L is
not identified.

Proof of Proposition 7.1: The unconditional log-likelihood function of the PVAR(1) model (2.12)

with unrestricted variance-covariance matrix X is given by
N
. Nk N 1 i
') =-—-In(@2r) - =D -5 (r: - Hi¢)' T (r: - Hig), (7.10)
2 2 2 i=1

1
where r; and H; are given by (5.1) and (5.3), respectively, and 6 = ( <, @, o ) , with o* =
vech (). Concentrating this log-likelihood function in terms of v and ¢, one obtains

1*(v,¢) = —NTkln (2m) — %ln =y, - g, (7.11)
where
1 N
£(7,9) = 5 2 (ri — Hip) (ri ~ Hip)'. (7.12)

i=1
The concentrated log-likelihood function, !* (-y,¢), does not depend on ¢, and hence it will not
be possible to identify ¢ from the sample observations. To see this, first note that the variance-

covariance matrix £ can be written as

oh ofy o3 - O
Sap=| = B % e | (713)
orr
where
ol = w1, (7.14)
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0’;: :W”—WU_IQJ, 1=2,3,... .,T,

(7.5)

O';l = —Wj'g_léf - dw;_yy +‘I)Wj_1‘|_1q)’, i=23,...,T;l=33+1,...,T,

and

N
@y=N1S"(Bwi; - (Bwa—v), j=12,....T;1=12,..,T.

i=1
3 may now be factorized as

Z(r¢) =L@ T (VL (),

where
w1 W2 W3 ot WIT
() = w2 W W3 . Wr
wr1 wWr2 wWrz ‘- WIT
and
In
L(¢) = o0
0 -% I,

Note that [L{¢)| =1, and |Y ()| is a function of +y only. Therefore,

IZ(v,8) = [L(&) T ()] |L(g) | = [T()!,

and

Nk

rm@=";mm-%mnﬂ—%

which does not depend on ¢». B

8 Hypothesis Testing

(7.16)

(717)

(7.18)

(719)

(7.20)

(7.21)

(7.22)

In this section we consider the issue of hypothesis testing for the PVAR(1) model (2.12). The

time-series properties of w;: that are of interest, for instance, whether wy is (trend) stationary

or I(1), and whether w;; — g, — ¢, if I(1), contains cointegrating relations, can be formulated in
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terms of restrictions on ®. Since the ML estimator of ® is asymptotically normally distributed
irrespective of whether the elements of wi; are I(1) or I(0), standard testing procedures such as the
likelihood ratio, the Wald and the Lagrange multiplier methods can be applied.

In order to carry out cointegration analysis and be able to interpret the rank of the matrix
II=— (Im — ®) as the number of linearly independent cointegrating relations, it is necessary to
know whether each of the variables in wi follows an I(1) process. Our framework can be easily
adapted to test for unit roots in short panel univariate autoregressive models, namely m = 1. In

this case, for p = 1 we have that (see (2.12))
wig = (1= @) p: + ¢y + (1 — @) vt + dwip—1 + e, € (0,0%), (8.1)
where w;; is now a scalar variable, i = 1,2,...,N.2? For testing the unit root hypothesis
Hy:6=1 vs. Hy:¢<1, (8.2)

the log-likelihood function is given by (see (5.5))

N
1(61) = -g In (27) — 1—; In|Z| - % > (fi - i) =V (E - gid), (8.3)
i=1

where 61 = ( v, ¢, o2 )I,

f; =vec( Lwy =7, Dwp—v, Dwg—7, ..., Dwir—v ) ) (8.4)
g: = Uec( 0, Awp~7v, Dwep—7, ..., Dwira—7 ) , (85)
and
(2/(1+¢) -1
-1 2 -1 0

b . (8.6)

0 -1 2 -1

\ -1 2

Under Hy we have

i — &) (Sigpm) " (F — &), (8.7)

M=

NT N 1
1(80) = —55 In (27) — 5 In |E|¢:1 ‘ -3

1

27 As for unit root testing in the time-series context, the appropriate order of augmentation of w;. is important for
the validity of the test. In practice one may therefore need to consider higher-order cases as well. Here we confine

ourselves to p = 1 for simplicity.
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7
where 69 = ( v, o2 ) . Denoting by LL* the maximum of the log-likelihood under H;, and
by LLT the maximum of the log-likelihood under Hp, 2(LL¥ — LL™) is asymptotically chi-square
distributed with one degree of freedom.?® A Wald type statistic of testing Hy versus H; will be

to= 2, (88)

where se(g) denotes the standard error of $; t4 is asymptotically distributed as a standard normal
variate, and it can thus be taken into account that the alternative hypothesis, H1, is one-sided.

In contrast to the Least Squares Dummy Variables based unit root test for dynamic panel
data models with finite time dimension proposed by Harris and Tzavalis (1999), note that the unit
root test statistics we propose here are not based on an inconsistent estimator, and thus standard
chi-square and normal distribution theory are applicable. It may also be noted that the tests we
propose here are readily extended to the case where.p > 1, whereas such an extension for the
unit root test proposed by Harris and Tzavalis (1999) would require computing the necessary bias
adjustments for the test statistics for each value of p separately.?®

The natural next step is to test for cointegration. Consider again the PVAR(1) model (2.12)
in the m variables w;, now assumed to be I(1). The hypothesis that w; — p; ~ ~t is cointegrated

with rank r versus rank 7+ 1, 7 =0,1,... ,m = 1, can be formulated as
He:®=In+af, vs. Hey1:®=Ipn+a418,1, (8.9)

where a, and 3, are m x r matrices of full column rank ». As discussed in Section 7, to achieve

identification of 3, one may employ the Phillips (1991) normalization restriction (7.5),
~t
nﬂr T ( Ir' ﬁr )1

where EI, isanr x (m — r) matrix with unrestricted coefficients. The likelihood ratio test statistic of
H, versus Hy41 is asymptotically chi-square distributed with (m —r)2—(m—r—1)2 = 2(m —r)—1
degrees of freedom. (Imposing II to be of rank r leaves m? — (m — r)? unrestricted coefficients in
H_)SO

28 A drawback of the likelihood ratio test is that it does not allow one to readily take into account that the alternative
hypothesis, Hi, is one-sided.

29For panel unit root tests under p = 1 where the deterministic trend coefficients are allowed to differ across cross-
sectional units, see, for example, Im, Pesaran, and Shin (1997) and Harris and Tzavalis (1999). As noted in Footnote
4, differential deterministic trend coefficients could be accommodated in our setting also. For panel unit roots tests
when the time dimension is large and possible slope heterogeneity can be allowed for, see, for example, Levin and
Lin (1993) and Im, Pesaran, and Shin (1997).

30Note that in the special case where m = 1 and r = 0, (8.9) reduces to the likelihood ratio based unit root test
discussed above.
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Additional parameter restrictions or overidentifying restrictions can be formulated in terms of

vec(P) =G +f, (8.10)

2 x g matrix and f an m? x 1 vector, both with known elements, and  is a

where G is an m
g x 1 vector of free parameters. A likelihood ratio test of (8.10) will be asymptotically chi-square

distributed with m? — g degrees of freedom.

9 Conditional Inference

In applied economic problems the focus of the analysis is often on conditional models where a
subset of the variables in w;; are modelled in terms of the remaining variables. In this section we
consider the conditions under which such an analysis is valid for the PVAR(1) model (2.12), and
show how the methodology developed in the previous sections can be adapted to the analysis of
conditional PVAR models.

In the time-series context, where the sample sizes typically are large, the conditions under which
the marginal distribution of x; can be ignored when estimating parameters of interest that enter the
conditional distribution of y; given x; are discussed in detail, for example, by Engle, Hendry, ang
Richard (1983). These conditions are, however, obtained for given initial values, wg = ( Yor Xp ) .
As should be clear from our earlier discussion, in the context of dynamic panel data models with
small T the effect of the initial values, w;g, cannot be ignored and unless appropriately accounted
for will make the exogeneity analysis subject to an incidental parameters problem. To formulate
an appropriate notion of conditioning (exogeneity) for the PVAR(1) model (2.12), we consider the
transformed version of this model which is free of the incidental parameters problem. For this
purpose we work with the following system of equations: for the initial observations we have (see
(4.1))

Awi — v =€n = (Im — @) &, i=1,2,...,N,
and for the subsequent periods, t = 2,3,...,T, we have (see (4.3))
Awy —y =B (Awig1 — ) + Deg, i=1,2,...,N.

Partitioning Aw;, into Aw;, = ( Dyl Ox, )I, where y;¢ is my x 1 and x;; is mz x 1, and my +
Tz = m, it is of interest to determine under what conditions knowledge of the marginal probability
distribution function of Axit, f[Axylk2(8)), t = 1,2,...,T; i = 1,2,...,N, is redundant for
purposes of inference regarding the parameters of interest of the conditional probability distribution
function of Ay:: given Axy, f[Ayi|Axy,k1(0)),£=1,2,...,T;i=1,2,...,N. In other words,
for purposes of maximizing

N

/4
H {f(AS’m O%4,10) [Hf (AYitiaxitlIi,t—l!g)]} (9.1)

=1 =2
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with respect to &) (8), under what conditions is it sufficient to consider

N T
II (f [Aya A%,k (0)) {Hf[amm,-g.z,u,m (9)1}) , (9.2)
i=1 =2

where Z; -1 = (AW;_,_l,Awg,g_z, e wAW:‘1)~
Partitioning the disturbance vector €;; and its variance-covariance matrix 2 conformably with

the partition of Aw;; into Ay; and Ax; as

€= Eyit ) and Q= Oy (b s
Eziy er Qzz

one may write €y conditionally in terms of ezs; as

€yit = Byezit + vit, (9.3)
where
B, = 0,077, (9.4)
and v;; ] (0,,,,, Q‘,), with
Qy = Quy — Bygy. (9.5)

Note that v;; is independent of &.i¢ across 2 and over t, 2 = 1,2,... ,N; t <T. Substituting (9.3)

into the error correction representation (2.10) under p = 1 yields

By =By \ _ (2 ) (W-Blk ), vit) 96)
Ax, Tz 11, " Ezit

1=1,2,...,N;t=1,2,... ,T, where
ay = v, + By, (9.7)

! !
and where we have partitioned I1 = ( II;, 1L, ) and v = ( ‘y'y, A ) conformably with the
partition of wj into yi: and xi;. To examine under what conditions the last m; equations in
(9-6) are redundant for purposes of inference regarding the parameters of interest in the first m,
equations in (9.6), let us write these equations separately for t =1andt=2,3,... ,T. Fort =1

we have the conditional model for Ay; given Ax;; and the marginal model for Axiy,

Ay = By Axy = ay + (Il — ByIl;) £;o + va, (9-8)

and

Axy = Nt fo.-g + Exi1- (9-9)
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Fort =2,3,... ,T we take first differences of (9.6) to obtain the conditional model for A%y, given

A2x; and Aw;,_y, and the marginal model for A%x;; given Awge_1,

Ay — By A2xy = — (T, — ByIL) v + (I — ByIL) A wig—1 + Avy, (9.10)

Ay = —TLy + T A wigog + Aegy, (9.11)

t=23,...,T,i=1,2,...,N.

From (9.10) it is clear that for t = 2,3,...,T, &%x; in (9.10) is long-run forcing if II; =
Om.xm-3! Under this restriction, the information in (9.11) is redundant for purposes of inference
regarding the parameters of interest in (9.10), namely the long-run coefficients in II, and the
short-run coefficients in By, As for t = 1, note from (9.8) and (9.9) that under 1> = Omaxm»
Ay =By Axj — a, is independent of Ax;; — =y, and we have that

E(Ay; — ByAx;; — ay|Ax;) = O, x1, and Var (Aya — Byldx,; — ayIAXu) = Yy,

where
Ty = oy Zyen, + O, (9.12)
with
z,=p|> ¥ae' | (9.13)
i=0

and Il = ay8’, ay being of dimension m, x 7, and 3 as before being an m x r matrix of full column
rank, 7 =1,2,... ,m — 1 Note that the r (r 4+ 1) /2 distinct parameters in 2, are unconstrained.
In the special case of a PVAR(1) with unit roots but no cointegrating relations where ®y,= In,
and ®yz= Op xm., £y = Om,, and ¥y, becomes equal to §2,,. The marginal distribution of Ax;; is
redundant for inference on the coefficients in II, and B,.32 We have thus established that under
II; = Oy, xm efficient inference on the coefficients in I, and B, may be carried out by maximizing
the conditional likelihood function associated with (9.8) and (9.10). Note that the panel long-run
forcing restriction Iz = Om,xm does not preclude feedbacks from y; onto Xy in the short run.

While in the set-up of (9.6) the panel long-run forcing restriction imposes the constraint that there

%1See, for example, Granger and Lin (1995) and Pesaran, Shin, and Smith (2000) for a further discussion of the

long-run forcing restriction in a time-series context.
32[f the intercept term 7, was also of interest, it could be consistently (though in general not efficiently) estimated

even if it was not identified from (9.8) and (9.10) by first obtaining an estimate of <, from (9.9) and/or (9.11), and
then retrieving an estimate of v, from

vy =8y — By,
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are no cointegrating relations among the I(1) forcing variables x;¢ — gt;; —yzt, it is clear that similar
arguments as given above could be advanced regarding conditional inference in the case where Ax;;
is a trend-stationary process with homogeneous slope coefficients.33

To derive the likelihood function associated with (9.8) and (9.10), note that

Cov [(IT, — ByIl;) &g + vi1, Avy] = -,

and that
Cou [(Tly — ByIL,) &0 + va, Ayl = O, s

for t = 3,4,... ,T. The conditional likelihood function associated with (9.8) and (9.10) is given by

N
1
[1@m ™22 2exp (—§W;'E;1w§) , (9.14)
=1
where
( Dya ~ Bydx; —ay
A%y - ByO%xig — yAw,y —
s yiz = Byl Myhwy — ¢y ’ (9.15)
D%y — By AMr — TlyAw, r_y — ¢y
¢y = —II,7, and
/
Ty =€
-, 29, -9, 0
T, = S . (9.16)
0 ’_Qv 2Qv _Qu
-Q, 20,

The ML estimator of (9.14) is equivalent to finding ay, ¢y, Ily, By, Z,, and Q2 to maximize

Nk N 19N et s
—2" In (27!') — ? 1n|2,,| - 5 ij E;, Wi, (917)

1(8) = —
i=1
I, with 7, = vec(Ily), by = vec(By), 3y = vech (2y),

where 8 = ( ay, ¢y My, by, 3, o, )
and o, = vech (,).3* The likelihood function (9.17) is well defined and depends on a fixed number

of parameters.
333ee Hsiao, Pesaran, and Tabmiscioglu (1999) for a discussion of this in the case where my = m. = 1.
34In the case where my > m;, Yy and 7y ; may be identified from (9.17), and @ becomes

’
o=(7, = B, & ).
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Tests of cointegration rank or other hypotheses of interest on elements of ®,, and ®,. can be
carried out in rather similar fashion as described for unconditional PVARs in Section 8. Presuming
that there are no cointegrating relations among x;; — p2,; — ‘v.t, the hypothesis that w; — p; -t

is cointegrated with rank r versus rank r + 1, r = 0,1,... ,m — 1, can be formulated as

He:W=oupl vs.  Hy:Dymoge 8. (9.18)

The likelihood ratio test statistic of H, versus H,4 is asymptotically chi-square distributed with
my+m -7 degrees of freedom. (Imposing I1, to be of rank r, there are (m, + m)r—r? unrestricted
coefficients in IIy, and r(r + 1) /2 unrestricted coefficients in Zy.) Identification of 8, may be
achieved as discussed in Sections 7 and 8.

To test the long-run forcing restriction, one will, of course, need to consider the marginal
likelihood function associated with (9.9) and (9.11).

10 Finite Sample Evidence

In this section we provide evidence on the finite sample properties of the GMM, the MD, and the
ML estimators. This analysis is necessarily limited in scope and is intended as an illustration of the
type of finite sample results that can be obtained rather than a comprehensive study. Nevertheless,
we conjecture that our conclusions are likely to be of more general validity.

10.1 Monte Carlo Design

We consider four designs (experiments) in our Monte Carlo study. Common to all designs we set

/

m=2,p=17v= ( 0.02, 0.02 ) , N = (50,250), T = (3,10), and use 1,000 replications. As
a partial analysis of the robustness of the ML estimator to the normality assumption, we consider

two schemes for generating the error terms:
€it % N(Omx1,9), (10.1)
and
STiea + S5 — 2

| stiea+sBua -2 , (10.2)

1
Ejt = §P
2 2
Slitym T S2itm — 2

where P is the (upper triangular) Cholesky factor of £, ¢t ; “N 0,1),!1=1,2,j=1,2,...,m,
with ¢ ; being independent for all { and j. For all experiments the fixed effects are generated as:

p; = Ceio + &, i=1,2,...,N, (10.3)
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where

¥ N(nE,), i = L2, 5,
il N N
% N(@n,z,), i = FHLG +2N, (10.4)

with vy = ( 0.25, 0.25 )l7 v = ( 0.5, 0.5 ),, the two diagonal elements of the Cholesky
factor Py of Z,, being generated as chi-square variates with one degree of freedom, and the upper
triangular element of P;; being generated as minus one plus a chi-square variate with one degree of
freedom, all chi-square variates being independent for each given %, as well as independent across
i,i=1,2,...,N.

The four designs distinguish between trend-stationary, pure unit root, and cointegrated PVAR
models. For all designs the wy-process is generated using (2.26), assuming that {; and the &i’s
follow the same distribution function.

To give an indication of the degree of fit of the various designs, below we also report (where

appropriate) the population R? values associated with each design.

Design 1: Trend-stationary first-order PV AR with mazimum eigenvalue of ® equal to 0.6

&= 04 0.2 , 0= 0.1 0.01 '
02 04 0.01 0.1

The other eigenvalue of & is 0.2, and the population R? values are given by Riwl“ = R? =

Dunie
0.2471, where
B2 = 1- Var (Dwie| & wig_y)
Dwie Var(Dwy:)
i 1- [Q]u — 1=1,2, (10.5)
[Erowa@y],

with [S];, denoting the element in the {-th row and {-th column of 8.

Design 2: Trend-stationary first-order PVAR with mazimum eigenvalue of ® equal to 0.8

©— 0.6 0.2 ’ Q= 0.1 -0.08 '
0.2 06 -0.08 0.1
The other eigenvalue of & is 0.4, and the population R? values are given by RQAwm = R? =

Durge
0.2588, where Rzawm, ! = 1,2, are computed as in (10.5).

Design 3: First-order PVAR with unit roots (but non-cointegrated)

&= 10 , Q= 0.1 0.01 .
01 0.01 0.1



Design 4: Cointegrated first-order PVAR

&= 04 0.6 , 0 0.06 0.02 .
-0.2 1.2 0.02 0.01

The eigenvalues of ® in this case are given by 1 and 0.6, and the implied vectors/matrices a, 3,
and II are given by

-0.6 -0. .
e , - 1 : e 0.6 0.6 ‘
-0.2 -1 -02 0.2
The population R? values are given by R%}ym = 0.2195 and Rszm = 0.1579, where

R2 - Var (Ayiidwir-1)
Bte Var (Byuir)

e
[2??_‘0 G QC;] u
with Co =Im, C; = = (I, = ), and C; = C;_18, j = 2,3,....%

1=1,2, (10.6)

In what follows we compare the conventional GMM, the MD, and the ML estimators of the
various parameters in terms of their biases and root mean square errors (RMSEs). The finite sample
performance of a number of tests based on the conventional GMM and the ML estimators is also
investigated,3® as is the possibility of employing extended GMM estimation. For Designs 1-3 the
various estimators are computed with IT unrestricted, and for Design 4 the MD and ML estimators
are computed both with and without imposing rank restrictions on II.

The various estimators and their variance-covariance matrices are computed as follows: The
conventional GMM estimator not incorporating the initial conditions (in the tables denoted by
‘GMM,’) is obtained by minimizing (4.15) via feasible Generalized Least Squares iterations em-
ploying factorizations similar to the ones discussed in Section 6.1, with 2 in (4.16) replaced by

T N ,
IN (;“ 7Y 1) Z z [AW“ - :7 - 6 (Awi,l—l - :7)] [Awit - 7 - 6 (Aw,‘"(_l - "‘;)] .
e (10.7)

The variance-covariance matrix of the resulting conventional GMM estimator of ¢ is computed

using
=1 N -1
(Z aiG: ® Im) } ']
el (10.8)

35See Pesaran, Shin, and Smith (2000) for a discussion of the computation of R? values for cointegrated VARS.

3¢As we had discussed in Section 6, derivation of the asymptotic variance~covariance matrix of the MD estumator
is not a trivial task, and is not pursued in this paper. We thus confine ourselves to reporting bias and RMSE for the
MD estimator.

ﬁ:
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where Q; = ( Omr/241)T-1)x1 Qi ), Qi is given by (4.12), and replacing v by 4, and T by
$. The conventional GMM estimator incorporating the initial conditions (in the tables denoted
by ‘GMMy’) is computed by minimizing (4.30). The extended GMM estimator is obtained by
solving (4.57). Initial estimates of vy, ®, and Q needed to initialize the computation of the various
GMM estimators are obtained using (6.8), (6.10), and (6.11), respectively.3” The MD estimator is
computed using Steps 1-4 as described in Section 6.1. (Under rank restrictions on I, we use (7.6)
and (7.8) to estimate ®.) The ML estimator is computed by maximizing the log-likelihood function
(5.5). As initial estimates for the ML algorithm we use the MD estimates. The variance-covariance
matrix of the ML estimator of ® is computed using the Hessian matrix evaluated at the estimates
in the final iteration. The numerical optimization routine used for computation of the conventional
GMM estimator incorporating the initial conditions, of the extended GMM estimator, ard of the
ML estimator employs a trust region method based algorithm, and is described i1n some detail in a

note available from the authors upon request.

10.2 Monte Cario Evidence

We begin by discussing the Monte Carlo evidence under normality of the error terms, assummarized
in Tables 1-8. Tables 1 and 2 present the biases and RMSEs of the conventional GMM estimator
(not incorporating the initial conditions), and the MD and ML estimators of v and & for different
values of T and N under Designs 1-3.38 Table 2 demonstrates that in the trend-stationary case with
maximum eigenvalue of ® equal to 0.6 (Design 1), the biases and RMSEs of the conventional GMM,
MD, and ML estimators all behave reasonably well for relatively large N and moderately sized T
(namely, N = 250 and T = 10). But even in this case the MD and ML estimators dominate the
conventional GMM estimator, both in terms of bias and RMSE. As to be expected, the differences
between the conventional GMM estimator and the ML and MD estimators in the trend-stationary
cases are most pronounced for smaller values of N and/or T. For N = 50 and T = 3, for example,
even when the maximum eigenvalue of @ is as small as 0.6, the conventional GMM estimator does
poorly, with its performance deteriorating further as the magnitude of the maximum eigenvalue of

& increases (0.8 for Design 2). For Design 1 the performance of the conventional GMM estimator

3"For the extended GMM estimator, different initial estimates were also explored. See the discussion below.
38In constructing Tables 1-6 we have removed across all the estimation procedures for the various cases considered

those (very few) replications where the ML estimation routine, due to poor initial conditions {the MD estimates)
did not converge globally, that is, where the likelihood value at the final iteration ML estimates was lower in value
than for a set of coefficients in the neighborhood of the true parameter values. In other words, the total number
of replications for each case was such that after eliminating those replications where the ML estimation routine did
not converge globally, there were 1,000 replications left. The following experiments for this reason involved more
than 1,000 total replications: Design 2, N = 50, T = 3: 1,004 replications; and Design 2, N = 250, T = 3: 1,001

replications.
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improves relatively quickly with N and/or T, while the magnitudes of the biases and RMSEs
continue to be relatively large for Design 2 when N = 250 and T = 3, and when N = 50 and
T = 10. Table 2 also demonstrates that the conventiona} GMM estimator breaks down in the
presence of a unit root; for the coefficients ¢ and @99, both equal to unity under Design 3, the
biases and RMSEs continue to be large even when N = 250 and T = 10. The ML and MD
estimators, in contrast, perform quite well in the trend-stationary as well as in the unit root case,
with a slightly superior performance of the ML estimator.

Tables 3-6 report rejection frequencies for tests involving the parameter values ¢, where ¢
denotes the element in the j-th row and k-th column of ®. All tests have the nominal size of 5%.
Table 3 demonstrates that the power and size properties of tests of ¢;; based on the conventional
GMM estimator (not incorporating the initial conditions) are very poor, except for the case where
the maximum eigenvalue of @ is equal to 0.6, N = 250, and T = 10. When the maximum eigenvalue
of @ is equal to 0.8, tests based on the conventional GMM estimator are highly over-sized. For
example, even for N = 250 and T = 10, the size of the test based on the conventional GMM
estimator is equal to 45.2%. Also, as expected, tests based on conventional GMM estimators break
down altogether in the presence of unit roots. (See the third panel of Table 3.) In contrast the
ML estimator based tests perform remarkably well even for small N andT and irrespective of how
close the eigenvalues of ® are to unity.

Tables 4-6 present test results applied to the remaining three coefficients of ®, namely ¢;2, ¢21,
and ¢z;. The conventional GMM based tests do relatively better for these coefficients (with further
variations across these coefficients) as compared to the tests involving ¢;;. However, the overall
performance of the GMM based tests is still rather poor and the tests cannot be recommended for
N and/or T relatively small and when the maximum eigenvalue of & is relatively large. Overall,
the tests based on the conventional GMM estimator are all dominated by the ML estimator based
tests both in terms of size and power.?® The ML estimator based tests display (very) good size
properties for all designs and coefficients, even when N is as small as 50, and T is as small as 3. It
should also be noted, though, that specifically for the trend-stationary designs the power properties
of the ML estimator based tests may not be very strong when N = 50 and T = 3. However, these
power properties improve quickly when N and/or T is increased: when N = 50 and T = 10 and
when N = 250 and T = 3, the power properties are very good outside the immediate neighborhood
of the true parameter values. (There is one exception to this, namely tests involving ¢12 under
Design 2.)

39Power comparisons of tests are only meaningful when the tests under consideration have empirical sizes that
are close to their nominal size. Therefore, the power of the conventional GMM and ML estimator based tests can
be meaningfully compared in the case of experiments where N is relatively large, T is moderately sized, and the
maximum eigenvalue of ® is relatively small. See, for example, the results in the first panels of Tables 4 and 5 under
N =250 and T = 10.
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Table 7 reports evidence on bias, RMSEs, and power and size of hypothesis tests under Design
4, which involves one cointegrating relation.?’ The results reported in Tables 7a-7d are based on
ML (and MD) estimates computed under the rank restriction rank (IT) = 1. The results in these
tables suggest that as under Designs 1-3, the differences between the ML and MD estimators are
small with a slightly superior performance of the ML estimator. When N is relatively large (say,
N = 250) and when there are a fair number of time-series observations available (say, T = 10),
both the ML and the MD estimator perform well in terms of bias and RMSE, and the size and
power properties of the ML estimator based parameter tests are very good. Table 7e reports the
likelihood ratio tests (8.9) for cointegration rank.#! The results are uniformly very good; possibly
with the exception of the test in the case of N = 50 and T = 3 which is slightly undersized.

Table 8 provides evidence on the relative performance of the conventional GMM estimator incor-
porating the initial conditions compared with its counterpart not incorporating initial conditions.4?
Using Design 1, Table 8 reveals that while the conventional GMM estimator incorporating the
initial conditions has, as to be expected, lower biases and RMSEs for the coefficients in + than
its counterpart not incorporating the initial conditions, the biases and RMSEs of the two estima-
tors are rather similar for the coefficients in ®. Also, comparing Table 8a to Tables 1 and 2, the
biases and RMSEs of the coefficients in @ of the conventional GMM estimator not incorporating
the initial conditions are little affected by whether ‘outlier’ replications need to be eliminated from
the sample. This underlines the robustness of the conventional GMM estimator results reported
in Tables 1 and 2. Tables 8b shows that the size properties of tests involving ¢1; based on the
conventional GMM estimator incorporating the initial conditions are (quite) a bit worse than those
based on the conventional GMM estimator not incorporating the initial conditions when N = 250

and T = 10.4% Overall, Table 8 suggests that little is to be gained from incorporating the initial

“°In constructing Table 7 we have removed those replications where at least one of the ML estimation routines
{under rank (II) being constrained to be equal to zero or one, or left unconstrarned) did not converge globally. The
primary reason for such non-convergence was that one of the eigenvalues of the implied & under rank (II) = 1 during
the iterations started to fall outside the unit circle. Qur simulations therefore involved the following number of
replications: N = 50, T = 3: 1,274 replications; N = 50, T = 10: 1,013 replications; N = 250, T = 3: 1,035
replications; and N = 250, T = 10: 1,011 replications. A potential remedy to the convergence problems would be to
employ constrained versions of the numerical algorithm we use to compute the estimates that enforce the restriction
that none of the eigenvalues of & fall outside the unit circle. However, this would likely be at the cost of decreased

speed of computations when there is convergence even without imposing constraints on the eigenvalues of ®.
“'We are not aware of any GMM based tests for cointegration rank in dynamm'c panel data models where the time

dimension of the panel is finite, and thus confine ourselves to the likelihood ratio tests (8.9).

42In constructing Table 8, we have removed across all the estimation procedures those replications where the opti-
mization routine for the conventional GMM estimator incorporating the initial conditions did not converge globally,
that is, where the objective function value at the final iteration estimates was higher in value than for a set of co-
efficients in the neighborhood of the true parameter values. The following cases for this reason involved more than
1,000 total replications: N = 50, T = 3: 1,050 replications; and N = 250, T' = 3: 1,013 replications.

*I8ince the results for tests involving ¢12, ¢21, and @22 are qualitatively similar to those involving $1; in Table
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conditions in conventional GMM estimation, unless estimation of the trend coefficients is critical. In
fact, taking into account the size properties of tests, and taking into account that the conventional
GMM estimator incorporating the initial conditions is computationally significantly more involved
than its counterpart not incorporating the initial conditions, the latter estimator seems preferable,
if conventional GMM estimation is to be carried out at all. The Monte Carlo simulations we have
carried out also suggest that the conclusions we have drawn from Table 8 carry over to Designs 2
and 3 as well.

Table 9 provides some evidence on the properties of the conventional GMM estimator (not
incorporating the initial conditions), and the MD and ML estimators when the error terms are
drawn from (10.2) instead of the normal distribution, (10.1). Table 9 indicates that for Design 1
both estimators continue to perform well in small sample when the error terms are not normally
distributed, specifically when they are drawn from (10.2). The ML estimator continues to slightly
outperform the MD estimator in terms of bias and RMSE. Tables 9b-9e reveal that the power and
size properties of tests based on the ML estimator remain largely unaffected by the change in the
scheme generating the error terms, except for a couple of cases where the tests become slightly
oversized. The Monte Carlo simulations we have carried out also suggest that the conclusions we
have drawn from Table 9 carry over to Designs 2-4 as well.

We have also used Monte Carlo simulations to further investigate the possibility of employ-
ing extended GMM estimation. As discussed in Section 4, the extended GMM estimator (4.57)
involving the homoskedasticity implied moment conditions (4.50) and (4.51) is not unique. The
Monte Carlo simulations that we carried out illustrated the difficulties involved in choosing among
the multiple solutions to the moment conditions (4.52) that exist in general. The final iteration
extended GMM estimates that we obtained under the different designs were sensitive to the initial
estimates employed. Specifically, we obtained different extended GMM estimates when the initial
estimates were obtained using (6.8), (6.10), and (6.11), than when the MD estimates were employed
as initial estimates. The Monte Carlo simulations also revealed a further difficulty with extended
GMM estimation using the homoskedasticity implied moment conditions (4.50) and (4.51): The
variance-covariance matrix W (&), given in (4.59), tends to have a small reciprocal condition num-
ber even for m and T as small as m = 2 and T = 3, under both N = 50 and N = 250. The values
of An(k) computed in the course of the iterations are thus subject to potentially large numerical
approximation errors. In fact, for designs with m = 4 and T = 10, attempts to compute A y(K)
broke down altogether, even when methods for the inversion of ill-conditioned matrices were em-
ployed. These difficulties were yet more accentuated for the extended GMM estimator augmenting

the standard orthogonality conditions with the homoskedasticity and stationarity implied moment

8b, we have omitted the tables for size and power properties of tests involving ¢:2, ¢21, and ¢22. These tables are
available from the authors upon request.

—49_



conditions (4.36) and (4.37) rather than the homoskedasticity implied moment conditions (4.50)
and (4.51). For all designs and for all combinations of N and T considered the reciprocal condition
number of W (k) was too small to be able to compute A n(x) with any reliable degree of numer-
ical accuracy. This was true irrespective of whether the %, matrices were heteroskedastic across ¢
(as implied by (10.4)), or were restricted to be homoskedastic across 7. The various difficulties just
described with implementing extended GMM estimation appear to further strengthen the appeal
of the ML estimator.

11 Conclusion

Using panel data to estimate time-series models has the virtue that one can often invoke con-
ventional central limit theorems across individuals irrespective of the time-series properties of the
variables under consideration, in particular irrespective of whether they are (trend) stationary, pure
I(1), or I(1) and cointegrated. However, the virtue of having a large number of cross-sectional ob-
servations available often appears to be offset by the need to introduce individual-specific effects to
capture the unobserved heterogeneity among the cross-sectional units. Fixed effects and, when the
time dimension of the panel is short, initial observations introduce the classical incidental parame-
ters problem into conventional likelihood based estimation and inference, which lead to a violation
of the regularity conditions for the consistency of the conventional ML estimator.

To overcome these problems, GMM estimation has been suggested in the literature. However,
conventional GMM estimators based on instruments that are orthogonal to the disturbances of the
first-differenced form of the model arenot efficient (for example, Ahn and Schmidt, 1995, Arellano
and Bover, 1995, and Hahn, 1999) and suffer from the defect of weak instruments if one or more
roots of the underlying PVAR model approach unity (for example, Blundell and Bond, 1998, and
Hsiao, Pesaran and Tahmiscioglu, 1999). As we have shown in this paper, conventional GMM
estimators of fixed effects PVARs break down completely if the underlying model contains unit
roots, and thus also cannot be used to construct cointegration rank tests. To obtain a consistent
GMM estimator when the data series contain unit roots the standard orthogonality conditions have
to be augmented by further moment conditions. In this paper, we have argued that the approach
of augmenting the standard orthogonality conditions by homoskedasticity and stationarity implied
moment conditions for fixed effects PVARs is subject to difficulties. In particular, it may not be
possible to derive the optimal weighting matrix for the resultant extended GMM estimators, or the
resultant extended GMM estimators are not unique, in general

Given the problems with GMM estimation, we have suggested a latent variable framework for
the analysis of fixed effects PVARs. This framework provides a model-consistent way of formulating

the initial observations and leads to a transformed likelihood function that no longer involves
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incidental parameters. We have shown that the resulting ML estimator exists, is consistent, and
is asymptotically normally distributed when the cross-sectional dimension of the panel approaches
infinity, irrespective of whether the underlying time series are (trend) stationary, pure I(1), or I(1)
and cointegrated. We have also shown how this ML estimator can be used in conditional models
where a subset of the variables in the PVAR is modelled in terms of the remaining variables.
Furthermore, we have proposed procedures for conducting tests for unit roots and cointegration
rank in panels with short time dimension. We have shown that the limiting distributions of the
test statistics follow standard chi-square and normal distributions.

Finally, Monte Carlo studies have been carried out to compare the small sample performance
of the ML and conventional and extended GMM estimators. We have found that the conventional
GMM estimator performs poorly even when the largest root is moderately sized only. Furthermore,
implementation of extended GMM estimation faces difficult computational problems. The ML
estimator and parameter hypothesis as well as cointegration tests based on it, on the other hand,
perform remarkably well even when the sample size is small and the data are generated by (some

type of) non-normal disturbances.
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Appendix: Conventional GMM, ML, and MD Estimation of a p-th Order PVAR
(p>1)

In this appendix we extend the formulae provided in Sections 4 to 6 for the conventional GMM,
ML, and MD estimation of a first-order PVAR to a p-th order PVAR, p > 1. We continue to invoke
the assumptions for the PVAR(p) model (2.1) put forward in Section 2.

The transformed model (3.2), (3.3), and (3.9) can be written as

Awlt_7=C(L) Eity t=112» lp—lv (Al)

p-1
Awip—v =) T (Awip_; —7) +TIC" (L) io + €ip, (A-2)

j=1
Awip — v = B[Dzie1 — (bp @ )] + Lear, t=p+L,p+2,...,T, (A-3)

where

Zi = ( Wi, w;’t_l, ceey w;‘t_p“ ) ; (A.4)
=2, &, ..., &), (A5)

I, 5 =12,...,p—1,is given by (2.11), II by (2.5), ¢, denotes a p x 1 vector of ones, and, as
defined in Section 2, C (L) = 320 C; L, Co = Im, C1 = —(Im— ®1), C; = 2 Cia®, 22
(with C; = Om for j < 0), C*(L) = 352 C;, Cy=In—C,C;=C;+C;_, j 21, and

C= Z‘;o C;.
Conventional GMM Estimation

The first-differenced PVAR(p) model (A.3) can in stacked form be written as

5 =FA+E, (A6)
1 =1,2,...,N, where
P 1 — r
5= ( Awi,P-Hv Awi,p+2| S Awir ) , Eij= ( ASi‘p-pl, &E,‘Mz, e, Degr ) ,
(A7)
—_— — C) '
Ri=(Pu tra1 ), Pi=( Dz, Baipn, ..., Azgo ), (A8)
Al



and

T=(o v-2@ev ), (A9)

with & given by (A.5).
Premultiplying (A.6) by the [m (T +p — 1) /2 + 1](T — p)x(T — p) block-diagonal instrumental

variable matrix Q;,

Qi pt1 O(mp+1)x1 O(mp+1)x1 4]
Opm(p+1)+1)x1 Qipr2 Om(p+1)+1]x1
Qi = | Om(p+a)+1lx1 Ofm(p+2)+1]x1 Ty p43 » (A.10)
0 Qir
! 1
where @i pr1 = ( 1, Zip ) , and G = ( 1, Wheo, Wies ..., Wi 2l ) ,t=p+

2,p+3,...,T, one obtains
QS: =QRA+QE, (A11)
the transpose of which in vectorized form becomes
(@ ® 1) vee (57) = (@QR: © In) X+ (Q: @ L) vee () (A.12)

where X = vec (KI) The conventional GMM estimator of X (not incorporating initial conditions)
is obtained by minimizing

[zNj (Q: ®1n) vee (5)) - QR ® 1) x] [Iiv i Q:91.)T(@Q;® Im),] -

=1

N
. {Z (Q: ® L) vec (§C) -@QReL)X|, (A13)
i=1
where T is of the same form as (4.16),
20 -Q
-2 20 -Q 0
3= o By YR (A.14)
0 -2 20 -0

-0 20

As for the case where p = 1, the conventional GMM moment conditions underlying (A.13) may be
augmented with additional moment conditions based on (A.1) and (A.2) to construct a conventional

GMM estimator incorporating initial conditions. We do not go into the details here.

A2
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ML Estimation

The unconditional log-likelihood function associated with (A.1), (A.2), and (A.3) is given by*

N
o) = _% In(27) — % In|s - %Z (re — Heip) T7! (rei — Heih)
i=1
N 1 -
-5 n 1S5 — 3 > (ryi — Hyig) I, (i — Hud), (A.16)
i=1

where k = mpT,

T = Vec [ Owin —y, Dwa—7, ..., Awi»?—l s Egp;é (Awi,P‘j - 7) ] 1

(A17)
Hi=G,®In, (A.18)
G = ( Ompx(p-1)s Tei ) 1 (A.19)
Tei = VEC [ Z;’;; (Awi,p—j - 7) s 1;;21 (Awl'.p—j - 7) 3 ey A"""il e £ Omxl ] )
(A.20)
T =U€C( Th, OWipra =Y, Dwigyz =, ..., Dwip—7 ) ) (A.21)
TH = Awi.p+1 -+ QRr., (A.22)
H“ = GIn“- QLn+ G;g'i ® NS, (Aza)
Gni=| Azip— (1, ®7), AZipr1— (p®7), ..., Aziz-i— (Lp,®7) ] )
(A24)
Gty = ( Teis Ompx(T—p—l) ) ’ (A.25)
Ty derive (A.16), we have rewritten (A.2) using (2.11) as

P-1 p=1 p-1
S Bwises =) =D 81y (AWipe; —7) + IC" (L)eio + &3 (A15)

j=0 i=1 i=t

A3

—54 —



¢ =vec(®), (A.26)

@ is given by (A.5), Be by (3.6), ¢, by (3.11), R denotes the m x mp matrix formed by the last

m rows of £71, S denotes the m x m matrix formed by the last m columns of R, and
!
9=(7’, ¢, o ) )
with & = vech (©2). The matrices G, { = 0,1,...,p—-2, H;, | = 1,2,... ,p — 1, and ¥ may be
computed using numerical recursions invoking an appropriate stopping rule to replace the infinite
sums in their definitions by finite sums. As ¥y, has a block-tridiagonal structure, its determinant
and inverse may be computed using similar formulae as given in (5.9), (5.10), and (5.11), respec-
tively. A computationally attractive alternative to the formulation (A.16) of the unconditional

log-likelihood function might in some cases be to factorize Pr (Awi1, Awie, ... ,Awip) as
Py (AW,], AW{Q, 2 /_\w,-p) =Pr (AWﬂ) -Pr (AW,'Q‘ AN Wﬂ)

[ (Awi,p_1| Y Wi],AWﬂ, S ,Awi,p_z) -Pr (ﬂwi;,;,‘ A W,']_,Awiz, A ,Awim_l) s

We do not go into the details here. A note describing further details of the numerical algorithm

used to compute the ML estimates is available from the authors upon request.

MD Estimation

Conditional on . and Zy, (given by (3.6) and (3.11), respectively), the ML estimator of & (defined
by (A.5)) and of v is equivalent to the MD estimator that minimizes

N
3 [(ru- ~Hug) £ (r - Hu@) + (ri — o) 57! (e — His®) | (A-27)

=1

where re:, Hes, ry;, and Hy; are defined in (A.17), (A.18), (A.21), and (A.23), respectively, and ¢ is
given by (A.26). Therefore, conditional on 7, ¥, and Zjj,, the MD estimator of ® is given by

N -1/, N
¢ = (Z H, T H,; + H‘ﬁBngﬁ) (Z B vy H;.‘-Eﬁrlrﬁ) : (A.28)
i=1

=1

and, conditional on @, ., and Zj, the MD estimator of + is equal to

N
=1
v = (NI.E73L+ N3 Z) (Z B i) DR ngijlﬁ) , (A.29)
i=1
where
r
Te= [ By Ty ssp Ty W=fp=200 | s (A30)
A4
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y=(-w, -mw, .., -w )', (A.31)

li = ”ec( Bwa, Owi, ..., OWip1, TEgAWip ;=Y @I AWip; )
(A.32)

and

Iy = vec( AWipp1 — @Az, OAWipa—PAzipyy, ..., Awir— Az ) -
(A.33)

Using (A.28) and (A.29), an iterative scheme similar to that discussed in Section 6 can be employed
for the computation of the MD estimates.
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Table 1’
Bias and RMSE of Alternative Estimators of Panel VAR

N=50
Estimator » » I iz ‘ & r
? } 1
Tvend-Stationory ] i | |
PYAR (Aau=06) Irue Value 002 ; 002 i 04 02 02 | 04
I \
Rias RMSE Bias RMSE ‘ Bias RMSE Bias RMSE Bias RMSE | Bias BMSE
=3 GMM, 0.0074 0.1962 00024 0.1507 0.3340 0.4948 0.1179 0.401 0.1280 _0,]997 0.3135 - 0.4751
MD 0.0002 0.0232 -0 0004 0.0223 00246 01551 0.6037 0.1355 0.0081 04367 0.0130 0.1607
ML 0.000} 0.0234 -0.0005 0.0226 0.0202 0.1441 0.0017 0.1275 0.0055 0.1276 0.0082 01507
T=10 GMM, 0.0005 00088 0.0002 0.0088 | 0.1168 0.4356 0.0359 0.0802 0.0383 0.0819 | 0.1168 01349
MD 0.0002 0.0066 0.0000 0.0063 0 0068 0.0552 -0 0004 00496 0.0032 00493 | 0001 00555
ML 0.0003 0.0066 | 0.0001 00064 0.0073 0.052L -0.0010 0.0470 0.0027 0.0475 0.0078 0.0517
Tvead-Stationary
PVAR (Aaa0.8) Trve Vplue 002 002 26 02 02 26
Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
T=3 GCMM, -0.0071 0.2411 0.0052 0.2710 0.7955 1.0269 +0.0365 03459 07201 1.2742 0.1851 0.5612
MD 0.0011 0.0281 -0.0001 0.0142 0.0442 02052 -0.0074 0.0819 0.0417 0.3343 -0.0017 0.1530
ML 0.0010 00287 0.0001 0.0144 0.0367 01985 | -0.0056 0.078t 0.0364 0.3310 -0.0003 0.1475
T=I0 GMM, 0.0003 o.ono 0.0003 0.0060 0.2786 0.3011 -0.0237 0.0562 02924 0.3436 0.0437 0.0934
MD -0.0001 00086 0.0000 0.0042 00133 00640 00029 0.0261 0.0159 01077 0.0017 0.0458
ML 0.0000 0.0087 00000 0.0043 0.0127 00607 -0.0020 0.0247 0.0121 0.1046 0.002% 0.0446
PureUnitRoot
PV AR{ daz=1) True Value 002 002 10 0 0 10
Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE
=3 GMM, 0.0025 0.1565 -0.013s 0.3779 0.9301 1.0613 -0.0353 0.5339 -0.0088 0.5424 0.9298 1.0529
MD 0.0003 0.0274 -0.0003 00253 0.0140 0.0858 -0.0014 0.0842 -0.0007 0.0865 | 0.0105 0.0837
ML 0.000¢ 0.0286 -0.0005 00267 0.0132 0.0855 «0.0013 0.0840 -0.0007 0.086! 0.0097 0.083s
T=i0 GMM, 0.0001 00191 0.0002 00193 0.3954 0.4085 -0.0019 0.1019 -0.0004 0.1054 0.4055 0.4187
MD -0.6007 0.0142 0.0003 0.0139 0.0057 0.0229 -0.001s 0022 0.0012 0.02)4 0.0068 0.0237
ML -0.0005 0.0152 0.0002 0.0150 0.0054 00228 -0.0015 0.0221 0.0012 0.0213 0.0065 0.0236

! For details of the Monte Carlodesign, see Section 10.1. The dala generating process is given by{J, - L){(w, ~pte - 71) = &, where y; is generated from (10.3), and €, isgencrated
from (10.1). 4., denotes the maximum eigenvalue of @, 3; the j-th clement of »,j = /, 2, and &, the eletnent in the j-th row and &-th columm of @, 7, k = 1, 2. 'RMSE’ denotes the
root mean square error, ‘GMM,’ the conventional GMM estimator not incorparating initial conditions, ‘MD’ the Mintmum Distance estimator, and ‘ML’ taec Maximum Likelihood
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Table 2’
Bias aud RMSE of Alterrative Estimators of Panel VAR

N=250
Estimator » » i @ 3] | 2% (]
t t —
Trend-Statiooary | i
PYAR (douc=t6) | ToueValue 0.02 082 H 04 ! 02 It = 02
Bias RMSE Bias RMSE Bins RMSE Bias RMSE Bias RMSE Bias RMSE
T=3 GMM, 0.0269 038021 0.0300 0.9139 ‘ 0.1170 0.2528 ¢ 0.0646 0.2351 0.0695 0.2277 0.t081 0.2299
MD -0.0005 0.0100 0.0004 0.0100 0.0056 0.0750 | 0.0014 0.0577 0.0005 0.0595 0.0057 0.0740
ML -0.0004 0.0101 00004 0.0102 00027 0.0698 0.0010 0.0539 0.0005 0.0560 00044 0.0683
T=10 GMM, -0.0001 0.0044 0.0000 0.0042 0.0322 0.0490 ‘ 0.0127 0.0381 0.0126 0.03%t 0.0336 0.0492
MD 0.0000 0.0028 0.0001 00029 0.0014 0.0242 0.0000 0.0212 -0.0010 0.0216 0.0019 0.0244
ML -0.0000 0.0029 0.0001 0.0029 0.0014 0.0227 | -0.0004 0.0205 20.0013 0.0208 0.0022 0.0229
|
Trend-Stationary f :
PYAR (Lur=08) True Value 0.02 0.02 [ 06 1 02 02
Bias RMSE Bias RMSE | Bias RMSE \ Bias RMSE Bias RMSE Bias RMSE
=3 GMM, 0.0744 23086 0.0227 0.5933 0.4989 07402 | 9.0003 02906 0.5751 0.9576 | 0.0543 0.4145
MD -0.0007 0.0123 0.0003 0.0066 00108 0.0939 l -0.0014 0.0362 0.0074 0.1425 0.0825 0.0696
ML -0.0008 0.0125 0.0003 0.0067 0.0089 0.0893 ~0.0007 0.0340 0.0056 0.413 0.0030 0.0675
| |
=10 GMM, <0.0002 0.0062 -0.0001 0.0032 | 0.1184 0.1371 \ -0.0075 0.0340 0.1389 0.1753 0.0088 0.0510
MD -0.0000 0.0040 0.0008 0.0019 0.0024 0.0270 | -0.0002 0.0109 | -0.0002 0.0462 00012 0.0212
ML -0.0000 0.0041 0.0000 0.0019 0.0024 0.0255 -00004 0.0106 -000i2 0.0442 0.0014 0.0206
|
Pure Unit Root |
PVAR( Ams=l) True Value 002 002 Lo | [} [}
Bias RMSE Bias RMSE Bias RMSE | Bias RMSE Bias RMSE Bias RMSE
7=3 GMM, -0.0039 0.0785 0.0002 0.0605 0.9454 1.0747 E 0.0230 05455 -0.0100 0.5626 0.9795 1.0941
MD 0.0000 0.0119 0.0003 00ls 0.0040 0038 0.0012 0.0373 | -0.0010 0.0374 0.0032 0.0370
ML 0.0000 0.0125 0.0004 0.0426 0.0043 00381 | 0.0012 00372 |  -0.000 0.0374 0.0030 0.0369
T={0 GMM, 0.0002 0092 0.0000 0.0091 0.3951 0.4087 ! 0.0020 0.1017 i 00041 0.1049 03939 0.4068
MD 0.0003 0.0066 -0.0001 0.0064 0.0008 0.009S ‘ 0.0003 00095 |  -0.0003 00098 0.0007 0.0097
ML 0.0002 0.0070 -0.0001 0.0069 0.0008 00095 ! 0.0003 00095 | -0.0003 0.9098 0.8006 0.9096

2 See the footnote to Table | fora description of the data generating process and the notation used in this table.
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Table3’
Size and Power Properties of Tests for g,

Trend-Stationary Panel VAR with 4., = 0.6

Estimator =01 @02 =03 6,=04 =05 =06 21=0.7
N=30, T=3 GMM. 0.0960 0.1290 0.1860 0259 0.3470 04470 0.5610
ML 0.4220 0.1830 00670 00470 0.1200 0.3260 05800
N=50.7=10 GMM, 0.7960 0.2630 00750 0.4310 0.9060 0.9960 1.0000
ML 1.0000 0.9640 0.4540 00460 0.5480 09830 1.0000
N=250, T=3 GMM, 0.1570 0.1010 0.0980 0.1620 0.2840 04570 0.6030
ML 09920 08270 02920 00640 0.3410 08240 09870
N=250, 110 GMM, 1.0000 09930 04820 0.1600 09560 10000 1.0000
ML 1.0000 1.0000 0.9950 0.0460 09960 1.0000 1.0000

Trend-Stationary Panel VAR with 4., = 0.8°

Estimator #,=03 =04 9,=0.5 #,-06 6=0.7 =08 6=0.9
N=30, 7=3 GMM, 02330 0279 03290 03910 0.4610 0.5140 0.5710
ML 0.2500 0.1130 00630 0.0570 0020 0.2110 03770
N=50.7=10 GMM. 0.1310 0.16%0 04630 0.8110 09720 09970 1.0000
ML 09950 0.8950 0.3330 00600 0.4840 0.9610 1.0000
N=250,T=3 GMM, 0.1960 02190 0.2610 03060 0.3680 0.4390 0.5060
ML 0.7720 04730 0.1500 00580 02008 0.53%0 08040
N=250, 110 GMM, 0.7740 02690 0.0650 0.4520 0.9030 0.9950 1.0000
ML 1.0000 1.0000 09630 0.0460 09770 1.0000 1.0000

Pure Unit Root Panel VAR with dpg, = I°

Estimator Pu=0.7 #u=08 $.=09 A=l Pu=1.1 fu=12 #i=13
N=50. 7=3 GMM, 03410 0.4350 05160 0.6060 06880 07520 08120

ML 09050 0.6320 0.2140 00550 0.2580 07250 0.9800
N=50, T=10 GMM, 0.2950 0.6810 09550 1.0000 10000 1.0000 10000

ML 1.0000 1.0000 09720 00640 10000 1.0000 1.0000
N=250. T=3 GMM, 03410 0.4290 0.5260 06060 06880 07640 08200

ML 1.0000 09990 0.7280 0.0480 0.7960 10000 1.0000
N=250.7=10 GMM, 03140 06690 09470 09970 1.0000 1.0000 1.0000

ML 1.0000 1.0000 1.0000 00510 1.0000 1.0000 1.0000

* Seethe footnote to Table | for adeserption of the data generating process and the notation used in this table.

* The table reportsthe fraction of rejections for tests of o' ¢y = (0.£.0.2,0.3. 0.4, 0.5, 0.6, 0.7}, veisustwo-sided aftemnatives. Thetrue valueof @,, is equal to 0.4,
* Thetable repoats the fraction of re jections for tests of #q: @), = (0.3,0.4,05, 0.6,07,0.8,0.9), versustwo-sided alternatives. The true value of #,; is equal to 0.6,
% Thetable reports the fraction of re joctions for tests of Ho: &;, = (0.7. 08, 0.9. 1, 1.1, 1.2, 1.3}, versustwo-sided altematives. The true value of #,, is equaito /
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Table 4’
Size and Power Properties of Tests for &,

Trend-Stationary Panel VAR with 2, = 0.6°

Estimator &:=-0.1 &:=0 #:=0.1 #:=02 #:=03 =04 :=0.5
N=50.T=3 GMM, 0.1220 00750 0.0690 0.1000 0.1580 02470 0.3770
ML 0.6370 0.33%0 0.1270 0.0580 0.1320 03600 0.6670
N=50.T=10 GMM, 0.9670 0.6760 a0 01220 0.5640 0.9350 0.99%
ML 1 0000 0.9670 03510 0.0500 0.5950 0.9920 1 0000
N=250. T=3 GMM, 0.2570 0.1420 0.0880 0.10% 0.1970 0.3550 0.5370
ML 0.99% 0.9430 0.3950 0.0430 0.4160 0.93%0 0.999%0
N=250. T=10 GMM, 1.0000 0.9980 0.6790 0.0710 0.8690 10000 1.0000
ML 1.0000 1 0000 09980 0.0450 0.9970 1.0000 10000
Trend-Stationary Panel VAR with 4, = 0.8
Estimator =0 #:=00 _ #=03  ge0d
N=30.T=3 GMM, 0.1650 0.1720 0.1940 02450 0.2760
ML 0.1350 0.0930 0.0800 0.0900 0.1420
N=50, T=10 GMM, 0.0840 01280 02510 0.6910 0.8570
ML 0.7870 0.4630 0.1220 0.209% 0.5360
N=250, T=3 GMM, 0.1720 0.1940 0219 0.2580 0.28%0 0.3250
ML 04410 0.2480 0.0940 00510 0.1100 0.2600
N=250, T=10 GMM, 0.3660 0.109% 0.0810 0.2870 0.6630 0.5010 0.9860
ML 1.0000 0.9930 0.5870 0.0450 0.5930 0.9870 1 0000
Pure Unit Root Panel VAR with A, = 1'°
Estimator g0 #o=-0.2 =01 #=0 #:=0.1 #:=02 #:=03
N=30. =3 GMM, 0.1450 0.0960 00720 0.0530 0.0570 0.0910 0.1430
ML 0.94%0 0.6430 0.2280 0.0560 02240 0.6640 0.9270
N=50, 7=10 GMM, 09160 0.7000 0.3530 0.1520 0.3400 0.6900 09290
ML 1.0000 1 0000 0.9920 0.0450 09930 1 0000 1.0000
N=250,T=3 GMM, 0.1200 0.0820 0.0510 0.0550 00710 0.0960 0.1350
ML 1.0000 0.99% 0.7860 0.0570 0.7680 1.0000 1.0000
N=250, T=/0 GMM, 0.9300 0.7160 0.3670 0.1610 03420 0.6770 09120
ML 1.0000 1.0000 1.0000 0.0460 1.0000 1.0000 1.0000

7 Sce the footnote to Table 1 for a description of the data generating process and the notation used for this sable.

* The 1able reports the fraction of rejecrions for tests of Ho' @ = (0.7, 0.0, 02, 0 3, 0.4, 0.5}, versus twa-sided alieratives. The true value of @, is equal t0 0.2.
? The 1able reports the fraction of rejections for tests of Ho- @2 = (-0.1, 0, 0.7, 0.2, 0 3, 0.4, 0.5}, versus two-sided aliemanves. The true value of ¢y » is equal 10 0.2.
'® The table reports the fraction of rejections for tesis of Hp: ¢ = (-0.3, -0.2,-0.1, 0, 0.1, 0.2, 0.3}, versus two-sided altermanves. The true value of ¢, is equal to 0.
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Table 5"
Size and Power Properties of Tests for ¢,

Trend-Stationary Panel VAR With Aue, = 0.6

Es ghy=-0.1 &i=0 =01 #=0.2 #=03 Si=0.4 &i=0.5
N=50, T=3 GMM, 0.1230 0.0860 0.0700 0.07%0 0.1350 0.2260 03370
ML 0.6560 0.3880¢ 0.1400 0.0650 0.1340 0.3790 06730
N=50, T=10 GMM, 0.9700 0.6860 0.1890 0.1090 0.5620 0.9290 0.9950
ML 1.0000 0.9%00 0.5700 0.0600 0.5830 0.9890 1.0000
N=250, T=3 GMM. 0.2530 0.1350 0.0890 0.1170 0.2140 0.3600 0.5070
ML 1.0000 0.9460 0.4120 00490 0.1330 0.9530 1.0000
N=250,T=10 GMM, 1.0000 1.0000 0.6950 0.0770 0.8820 1.0000 1.0000
ML 1.0000 1.0000 0.9970 0.0290 1.0000 1.0000 1.0000
Trend-Stationary Panel VAR with A, = 0.8"
Estimator @y=-0.1 @i=0 ¢hy=0.1 #1=0.2 =03 #=04 #=0.5
N=50, T=3 GMM, 0.2990 0.2110 0.1580 0.1220 0.1400 0.1720 0.2580
ML 0.9610 0.7260 0.2600 0.0540 0.2340 0.6810 0.9450
N=50, T=10 GMM, 1.0000 09930 0.7350 0.1110 0.3880 0.9420 0.9980
ML 1.0000 1.0000 0.9890 00620 09740 1.0000 1.0000
N=250, T=3 GMM, 03490 0 410 0.1500 0.1580 0.1830 02570 0.3570
ML 09840 0.9820 0.7980 0.0530 0.7830 0.9830 0.9850
N=250, T=10 GMM, 10000 1.0000 0.9130 0.0700 0.8190 1.0000 10000
ML 1.0000 1.0000 1.0000 0.0480 1.0000 1.0000 1.0000

Pure Unrt Root Panel VAR with Aag, = 7'

Estimator #=-0.3 Fo=0.2 0.1 20 — =01 =02 =03
N=30, T=3 GMM, 0.1680 0.1160 0.0710 0.0520 0.0570 0.0910 0.1330
ML 0.9460 06870 02610 0.0560 02270 0.6700 09470
N=50. T=10 GMM, 09360 0.7250 03550 01460 0.3440 07030 09350
ML 1.0000 1.0000 0999 00540 09960 1.0000 1.0000
N=250, T=3 GMM, 0.1380 0.0980 00720 00570 00700 00990 0.14%0
ML 1.0000 1.0000 07740 0.0560 07770 1.0000 1.0000
N=250. T=10 GMM, 09270 0.6940 03560 01640 03640 0.7120 0.9350
ML 1.0000 1.0000 10000 0.0500 1.0000 1.0000 1.0000

*! See the footnote to Table | for a description of the data generating process and the notation used for thistable.

' The table reports the fraction of rejections for tesls of Ho- @, = {-0.1,0, 0.7, 0.2, 0.3, 0.4, 0.5}, versus two-sided alternatives. The twe value of &, is equal to 0.2.
"> The table reporis the fraction of rejections for tests of Ho' #y = {-0.1, 0, 0.7, 0.2, 0.3,0.4, 0.5}, versus two-sided alternatives. The teue value of @, is equal to 0.2,
' The table reports the fraction of rejections for tests of Ho ¢y = {-03, -0.2, -0.1, 0, 0.4, 0.2, 0.3}, versus two-sided altematives. The true value of &, is equal to 0.
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Table 6"

Size and Power Properties of Tests for #;;

Trend-Stationary Panel VAR with 4., = 0.6'

Estimator #=0.1 #n=02 #a=03 Pn=04 #=0.5 #=0.6 #=07
N=507=3 GMM; 0.0940 01120 0.1530 0.2490 0.3430 0.4730 0.5780
ML 0.4810 02140 0.0820 0.0620 01240 03020 0.5420
N=50.T=10 GMM, 0.8030 0.2600 0.0630 0.4380 0.9080 1.0000 1.0000
ML 1,0000 0.9660 0.4470 0.0540 0.5510 0.9850 1.0000
N=250, T=3 GMM, 0.1630 0.0850 0.0800 0.1449 02660 0.4310 0.6030
ML 0.9960 08230 02730 0.0540 0.3380 08250 0.9980
N=250. 7'=10 GMM, 1.0000 0.9980 04570 0.1700 0.9650 1.0000 1.0000
ML 1.0000 1.0000 05910 0.0520 09920 1.0000 1.0000
Trend-Stationary Pane! VAR with A = 0.8"
Estimator #n=03 #n=04 P=0.5 =06 =07 #n=08 #=0.9
N=30,T=3 GMM, 0.1320 0.1160 0.1250 0.1480 0.1870 0.2370 0.2820
ML 0.4500 0.2670 0.0980 0.0590 0.0950 0.2520 04960
N=50, T=10 GMM, 0.8950 0.5470 0.1480 0.0970 0.4800 0.8790 0.9840
ML 1.0000 0.9660 0.5850 0.0510 0.6170 0.9940 1.0000
N=250, T=3 GMM, 0.2140 01670 0470 0.1450 01770 0.2250 0.2360
ML 0.9560 0.7720 02860 0.0510 0.3110 6.8110 0.9540
N=250. I=10 GMM, 1.0000 0.5660 0.48 0 0.0640 0.9920 0.9850 1.0000
ML 1.0000 1.0000 0.9970 0.0550 1.0000 1.0000 1.0000
PureUnit Root Panel VAR with A, = 1'"*
Estimator Sy=0.7 =08 &n=09 =1 #u=1.1 Py=12 #n=13
N=50, T=3 GMM, 0.3370 0.4370 0.5300 0.6260 0.7080 0.7740 0.8250
ML 0.9250 0.6280 0.19%0 0.0520 02480 0.7280 0.9660
N=50,T=i0 GMM, 0.3480 0.7140 0.9640 0.9980 1.0000 1.0000 1.0000
ML 10000 1.0000 09670 0.0510 1.0000 1.0000 1.0000
N=250, T=3 GMM, 0.3580 04500 0.5480 06380 0.7080 0.7640 0.8060
Mi. 10000 1.0000 0.7470 0.0540 0.8010 1.0000 1.0000
N=250. T=10 GMM, 0.2970 0.6860 0.9480 0.9990 1.0000 1.0000 1.0000
ML 1.0000 1.0000 1.0000 0.0460 1.0000 1.0000 1.0000
3Seethe footnote to Table 1 for a descriptionof the data generating process andthe notation used for thistable.
'6 The table teports the fraction of rejections for lests of Hy #22= {01, 0.2, 0.3, 04, 0.5, 0.6, 0.7 }, versus two-sided alternatives. The true value of g » is equal to 0.4.

" The table reports the fraction of rejections for tests of Hy ¢
' The table reports the fraction of re jections for tests of Ho: g

Té

{03,0.4.0.5,06,0.7, 0.8, 0.9}, versus two-sided alternatives. The frue value of g is equal to 0.6.
={07,08, 09, 1. 1.1, 12, 1.3}, versus two-sided altematives. The true value of ¢ is equal to /.
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Table 7a'°
Bias and RMSE of Alternative Estimators of Cointegrated Panel VAR

Bstimator »1=002 | 7=002 | @=-06 | =02 y o
1 | 1
Rias RMSE | Bias RMSE | Bias RMSE ' Bias RMSE Bias RMSE
N=50, T=3 MD 0.0003 0019 | 00002 00082 | 0.0362 01957 | o0.001 7 -0.056 04625
ML 0.0003 0.0190 J 0.0002 00082 | 0.0423 01423 1 00046 00281 .0.0209 03447
Bias RMSE ‘ Bias RMSE | Bias RMSE | Bias RMSE Bias RMSE
| ]
N=50.T=10 | MD 0.0003 0.0086 | 0.0002 0.0039 0.0005 01013}  -00008 0.0154 -0.0220 0.2252
ML 0.0003 00086 | 00002 00039 00070 00682 | 00005 00129 | 00025 0.1509
i
Bias RMSE | Bias RMSE Bias RMSE | Bias RMSE Bias RMSE
i |
N=250,7=3 | MD -0.0002 0.0086 -0.0001 0.0037 00029 01006 | -0.0803 0.0155 -0.0166 0.2236
ML -0.0002 0.0086 -0.0000 00037 0.0073 00693 | 0.0007 0.0131 00004 0.1599
i
Bias RMSE Bias RMSE Bias RMSE . Bias RMSE Bias RMSE
N=250.7=10 | MD -0.0001 0.0030 -0.0001 0.0024 0.0016 00263 00003 00050 00035 00433
ML -0.0001 0.0030 -0.0001 0.0024 0.0020 00211 0.0002 00045 0.0030 0.040!
Table 7b*
Size and Power Properties of Tests for @; under Cointegrated Panel VAR
Estimator a=-0.9 a=-0.8 a=-0.7 ay=-0.6 a=-0.5 a=-04 a=-0.3
N=50, T=3 ML 0.3620 01680 0.0600 0.0410 0.1260 0.3290 0.5690
N=50.7=10 ML 1.0000 09530 0.4830 00630 05810 0.9920 10000
N=250, T=3 ML 08620 0.6880 02590 00600 0.3200 07590 08850
N=250, T=10 ML 1.0000 1.0000 0.9920 0.0460 09970 - 1.0000 10000

' See the footnote to “Table 1 fora description of the data generating prooess. where now @ =1+ g, vith @ = (@), @)’ and 8= (6.5, @and Fare commonly referred to as
the etror corection coeflicients and the coi vectors, resp ly. The ion is as described in the footnote to Table 1.
# The table repotis the fraction of rejections for testsof Hy @7 = {-09, -0 H -0.7, -0.6, -0.5. -0.4, -0.3/, versus two-sided alternatives. The true value of 2; is equal to -9.6.
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Table 7c*'
Size and Power Properties of Tests for 2; under Cointegrated Panel VAR

Estimator ay=-0.5 a=-04 n=-0.3 a=-0.2 a=-0.1 ay=0 ar=0.1
N=50,T=3 ML 09770 09760 0.8800 0.0410 0.9220 09740 09770
Nes0. T=10 ML 10000 1.0000 1.0800 00480 1.0000 1.0000 10000
N=250, T=3 ML 09740 09740 09740 00570 09740 09740 09740
N=250, T=10 ML 10000 1.0000 1.0040 00490 1.0000 1.0000 1.0000
Table 7d*
Size and Power Properties of Tests for £, under Cointegrated Panel VAR
Esti =13 Fm12 F=1d B 509 fi=-08 B=-07
N=50.T=3 ML 0.1170 0.0720 00610 00670 00730 0.10% 0.1630
N=50,T=/0 ML 09180 06140 0.1940 00370 01840 0.5750 038840
N=250, =3 ML 03930 0.2130 0.1t10 00650 01270 0.2460 04280
N=250, =10 ML 1.0000 10000 06510 00530 07060 09990 1.0000
Table 7e”
Size and Power Properties of Cointegration Test
Estimator Hy vs. Hy i vs. Hy
N=50.T=3 ML 1,000 0.0300
N=50, T=10 M 1.0000 0.0570
N=250, T=3 ML 1.0000 00500
N=250. 1'=10 ML 10000 00470

2! The wble reports the fraction of rejections for testsof Hy: @3 = {-0.5, -0.4,-0.3.-0.2. -0.1., 0. 0.1}, versvs two-sided alternatives. The true value of @; is equal to -0.2.
2 The mble ceportsthe fraction of rejections for tests of Hy: g = {13, -1.2. -1.1, -1, -0.9, 0.8. -0.7}, versus two-sided altematives. The truc value of 4, is equalto -1.
23 The mble ceports the fraction of rejections for tests of H rank(/1) = r versus Hy.;: rank(1]) = r+1,r = 0. ], where the true rank of /7is equal w0 |.
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Table 8a%
Bias and RMSE of Alternative Conventional G MM Estimators under Trend-Stationary Panel VAR with 4,,,. = 0.6

Estimator »1=002 »=002 i =04 $:=0.2 #=0.2 | P04
i
Bias RMSE Bias RMSE 8ias RMSE Bias RMSE Bias RMSE | Bias RMSE
N=50,T=3 | GMM, 00028 00572 | 40.0008 0.0540 0.3562 0.494t | 0.1270 0.3908 0.1483 0.3940 0.3262 04764
GMMs -0.0010 0.0458 -0.0001 0.0236 0.3652 05043 | 01339 0.4133 0.1493 04025 03370 04848
MD 0.0003 0.0233 -0.0003 0.0223 0.0257 01569 | 0.0043 0.1362 0.0087 0.1375 0.0163 0.1600
Bias RMSE Bias RMSE Bias RMSE |  Bias RMSE | Bias RMSE Bias RMSE
N=50.T=10 | GMM, 0.0005 00088 | 00002 0.0088 0.1168 0.1356 0.0359 0.0802 0.0383 00819 | 0.1168 0.1349
GMMs 0.0002 00066 |  0.0000 00064 0.1002 0.1290 0.0278 00792 | 00299 0.0833 0.0997 0.1288
MD 0.0002 00066 | 00000 00063 | 00068 0.0552 00004 0.0496 00032 0.0493 0.0071 0.0555
Bias RMSE | Bias RMSE [ Bias RMSE Bias RMSE Blas RMSE Bias RMSE
N=250.T=3 | GMM, 0.0015 00398 |  0.0007 00397 ;01203 0.2537 0.0708 02339 00732 0.2274 01131 0.2288
GMM, 0.0003 0.0105 I 0.0001 00141 | 0.1286 0.2536 0.0779 02360 00787 0.2310 01212 0.2291
MD 00004 0.0100 00004 0.0100 | 0.0057 0.0752 0.0017 00575 0.0008 0.0595 0.0056 0.0734
Bias RMSE [ Bias RMSE | Bias RMSE Btas RMSE Bias RMSE Bias RMSE
|
N=250T=10 | GMM, £.0001 06044 00000 004z | 00322 0.6490 0.0127 0.0381 0.0126 0.0391 0.0336 00492
GMM, 0.0000 0.0029 0,000 0.0029 l 0.0310 0.0483 0.0123 0.0380 0.0123 0.0390 00324 0.0484
MD 0.0000 00028 | 0.000! 00029 |  0.0014 0.0242 0.0000 0.0212 -0.0010 0.0216 0.0019 002 4
\ ;
Table 8b%°
Size and Power Properties of Tests for ¢;; under Trend-Stationary Panel VAR with 2, = 0.6
Estimator =01 #:=0.2 #=03 #1=04 #y=0.5 #=0.6 #,=0.7
N=50, T=3 GMM, 0.1070 0.1350 0.1930 0.2610 0.3450 0,400 0.5540
GMM, 01770 0.2260 0.2870 0.369¢ 04610 05820 06730
N=50, T=10 GMM, 0.7960 02630 0.0750 0.4310 09060 0.9980 1.0000
GMM, 0.8390 0.4780 0.1700 0.5100 0.8580 0.9110 0.9250
N=250.T=3 GMM, 0.2050 0.1320 0.1200 0.1520 0.2780 0.4210 05870
GMMs 0.2850 0.2010 1820 0.2660 0.3970 0.5800 0.7100
N=250, T=10 GMM, 1.0000 0.9930 04820 0.1600 0.9560 1.0000 1.0000
GMM, 1.0000 0.9950 0.7100 0.30% 0.9820 1.0000 1.0000
2 See tlie footnote to Table 1 far a description of the data process. ‘GMM,’ denotes the conventional GMM esttmator incorporating initial di The

notation s as described in the footole to Table 1.
2The teble reports the fraction of rejections for tesss of Ho: ¢y, = (0.1,0.2, 0.3, 04, 0.5, 0.6. 0.7}, vevsus two-sided alternatives. The true value of @, is equal to 0.4.
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Table 9a°¢
Bias and RMSE of Alternative Estimators under Trend-Stationary Panel VAR with 4,,., = 0.6 and Non-Normal Disturbances

Estimator 7=002 2=002 i Hi=0.4 i #2202 =02 =04
| i
[ | T
Bias RMSE | Bias RMSE |  Bias AMSE | Bias RMSE Bias RMSE Bias RMSE
N=50,7=3 | GMM, -0.0087 05155 | -0.0002 0.259% 0.3716 05353 01344 04174 0.1405 04052 03088 04901
MD 00000 00219 |  -0.0000 00229 0.0169 01966 | 08000 0.1386 00112 0.1386 00256 01969
ML -0.0008 00222 20,0008 0.0230 0.0138 01809 |  0.0013 0.1321 00112 01322 | 00169 0.1811
|
Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE | Bias RMSE
N=s0.1=10 | oMM, 00002 00089 00003 00088 0.1216 01401 0.0350 00784 00353 00798 | 0.1146 0.1336
MD 20.0002 00065 -0.0001 00062 00101 00679 ! 0.0016 00488 0.0017 00506 | 0.0086 0.0664
ML -0.0002 0.0066 |  -0.0001 00063 00089 00543 0.0006 00459 0.0009 0.0477 0009 00540
Bias RMSE Bias RMSE Bias RASSE Bias RMSE Bias RMSE Bias RMSE
N=250,7=3 | GMM, 0.0008 0.2104 0.0111 03238 00976 0.2412 0.0655 0.2346 00452 02245 0.118 0.2431
MD 0.0003 0.010% 0.0001 00097 00044 0089 | 00025 00603 00012 00600 00033 0.0928
ML 0.0001 00102 -0.0000 00098 0.0024 00808 |  -0.0026 0.0562 0.0006 00s62 | -0.0002 00839
Bias RMSE Bias RMSE Bias RMSE Bias AMSE Bios RMSE Bias RMSE
N=250.T=10 | GMM, -0.0000 0.6042 -0.0000 0.6042 00334 00485 00138 00393 0.0140 0.0382 0.0327 0.0486
MD £.0001 0.0029 |  -0.0001 0.0028 0.0018 0.0287 0.0008 0.0221 00004 00223 | -0.0001 0.0308
ML +0.0001 0.0030 |  -0.0001 00029 0.0015 00229 0.0003 00209 |  -00003 00204 00007 00240
Table 9b”’
Size and Power Properties of Tests for #,; under Trend-Stationary Panel VAR with A,,. = 0.6 and Non-Normal Disturbances
Estimator #=0.1 #=02 £=03 $,=04 =05 6,=0.6 =07
N=50.T-3 GMM, 0.0910 0.1340 0.1940 02710 03730 04730 0.5800
ML 0.4430 0.2360 01260 0.0966 0.2000 03540 05640
N=50, =10 GMM, 0.7740 02360 0.0780 04630 09080 09990 10000
ML 1.0000 0.9608 0.4300 00570 0.5620 09810 10000
N=250, T=3 GMM, 0.17% 0.1060 0.0850 0.13%0 0.2510 04070 05650
ML 09900 0.7800 03030 00990 03690 0.7800 09690
N=250. =10 GMM, 10000 09980 0.4550 01500 09620 1.0000 10000
ML 1.0000 1.0000 0.9930 0.0450 0.9910 1.0000 1.0000

% For details of the Monte Carlo design, see Section 10.1. The data generating process is given by (I, - DL) (wi - 4 - ) = €, where 4 is generated from (10.3), and & is
;memed from (10.2). See the footote to Table | for a description of the notation used in this table.
7 The table reports the fraction of re jections fortests of Ho: ¢y = {0.4, 0.2, 0.3, 04, 0.5, 06, 0.7}, versus two-sided altematives. The true value of @, is equal to 0.4.
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Size and Power Properties of Tests for #;, under Trend-Stationary Panel VAR with A, = 0.6 and Non-Normal Disturbances

Table9c*®

Estimator #u=-0.1 #1:=0 da0.0 #:=0.2 2203 P=04 #=0.5
N=50, T=3 GMM, 0.1400 0.0860 0.0670 0.1060 0.1760 0.2670 0.3800
ML 0.6210 0.3410 0.1220 0.0620 0.14% 03910 0.6810
N=50, T=10 GMM, 09650 0.6890 0209 0.1030 0.5510 09330 09970
ML 1.0000 0.9920 0.5400 00430 06000 09860 1.0000
Ne250. T=3 GMM, 02970 0.1580 00950 01070 0.1820 0.31%0 0.4910
ML 09980 0.9300 04080 00460 0.4150 09330 10000
N=250. T=10 GMM, 10000 1.0000 0.6680 0.0580 0.8850 1.0000 1.0000
ML 1.0000 1.0000 0.9970 00350 0.9980 1.0000 1.0000
Table9d*
Size and Power Properties of Tests for ¢;; under Trend-Stationary Panel VAR with A, = 0.6 and Non-Normal Disturbances
Estimator Hi=-0.1 #=0 Bu=0.1 #,=0.2 £y=0.3 Pu=0.4 #u=0.5
N=50. T=3 GMM, 0.1240 0.0880 0.0700 0.0960 0.1470 0.2240 03310
ML 0.6640 0.3700 0.1660 00670 0.1380 03800 06730
N=50.T=10 GMM, 09730 0.7030 0200 0.1060 0.5620 09320 099%
ML 1.0000 0.9900 0.5860 00430 0.5830 09940 10000
| N=250, 1=3 GMM, 0.2840 0.1400 0.0880 0.1020 02000 0.3550 0.5600
o ML 0.99%0 -0.9400 0.4510 00500 0.4070 0.9260 099%
=
1 N=250, T=10 GMM, 1.0000 0.99%0 06850 00850 08970 1.0000 1.0000
ML 1.0000 1.0000 0.9980 0.0550 0.9980 10000 1.0000
Table 9¢*
Size and Power Properties of Tests for @;; under Trend-Stationary Panel VAR witb A,... =0.6and Non-Normal Disturbances
Estimator B=0.1 =02 #:=03 =04 #:-0.3 :=0.6 =07
N=50. T3 GMM, 0.0950 0.1230 0.1920 0.2600 03510 04460 0.5720
ML 04270 0.2160 0.1060 0.1100 01980 03830 0.5710
N=50, T=10 MM, 0.8160 0.2720 00800 04380 03880 09970 1.0000
ML 1.0000 0.9688 0.4200 0.0600 0.5840 09750 1.0000
N=250. T<3 MM, 01770 0.1050 0.1050 01660 02940 0.4410 06170
ML 098 0 0.7950 0329 0.1100 03 00 0.7760 09570
N<250,T=10 GMM, 10000 099 0 04980 0.1699 0.9640 1.0000 1.0000
ML 1.0000 1.0000 0.9860 0.0630 0.9850 1.0000 1.0000

¥ The table reports the fraction ofrejections for tests of Ho: @ = ¢-0.1,0,01 02,03, 04, 0.5}, versustwo-sided altemnatives. The true value of &, is equal to 0.2.
32 The table reports the fraction ofre jections for tests of H g §-04,0,0.1,02, 03, 04, 0.5}, versus two-sided altematives. The true value of ¢, is equal to 0.2.
3 The table reports the fraction ofrejections for tests of Ho* @y = [0 1,02,03,04,0.5,0.6, 07}, versus two-sided altematives. The tiue value of ¢, is equal 1o 0.4.
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